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PKEFACE. 



c ri Although Algebra naturally follows Arithmetic la a course 
^ of scientific studies, yet the change from numbers to a system 
U-i of reasoning entirely conducted by letters and signs is rather 
abrupt and not unfrequently discourages the pupil. 

In this work it has been the intention to form a connecting 
iisk between Arithmetic and Algebra, to unite and blend, as» 
&r as possible, the reasoning on numbers with the more ab- 
struse method of analysis. 

The Algebra of M. Bourdon has been closely followed. In- 
deed, it has been a part of the plan, to furnish an introduction 
to that admirable treatise, which is justly considered, both in 
Europe and this country, as the best work on the subject of 
which it treats, that has yet appeared. 

This work, however, even in its abridged form, is too vo- 
luminous for schools, and the reasoning is too elaborate and 
metaphysical for beginners. 

It has been thought that a work which should so far modify 

the system of M. Bourdon as to bring it within the scope of 

our common schools, by giving to it a more practical and tan- 

V) ^^^ form, could not fail to be useful. Such is the object of 

L^ the Elementary Algebra. It is hoped it may advance the 

' cause of education, and prove a useful introduction to a full 

"^ course of mathematical studies. 

Q The author has thought best to add in the present edition, 
• a few pages in the form of an Introduction, and also a Trea- 
tise on Logarithms. 

Habtfobs, September^ 1838. (iii) 
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DAVIES' FIRST LESSONS IN ARITHMETIC,— For begmneis. 
DAVIES' ARITHMETIC— Designed for did use of academies and schoola. 
KEY TO DAVIES' ARITHMETIC. 



DA VIES' ELEMENTARY ALGEBRA ;— Being ap introduction to the 
Science, and forming a coimecting link between Abithhetic and Ai> 

OXBILA. 

KEY TO DAVIES' ELEMENTARY ALGEBRA. 



DAVIES' ELEMENTARY GEOMETRY^This work embracea the 
elementary principles of Geometry. The reasoning is plain and concise, 
but at the same time strictly rigorous. 

DAVIES' PRACTICAL GEOMETRY,— Embmcing the &cts of Geome- 
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DAVIES' ANALYTICAL GEOMETRY,— Embracmg the EauATioirB 
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Line abd Plane ib Space-— also, the discussion of the Gsbebal EciUA- 
TioB of the second degree, and of Surfaces of the second order. 

DAVIES' DFSCJRIPTJVE GEOMisTBY,— With its application to 
SpHEBicAL Projections. 
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LESSON I. 

1 . John and Charles have twelve apples between them, 
and each has as many as the other : How many has each ? 

If we suppose the apples divided into two equal parts, it is 
plain that John will have one and Charles the other : hence, 
they will each have six. 

In Algebra, we often represent numbers by the letters of 

the alphabet; that is, we take a letter to stuid for a number. 

Thus, let X stand for the apples which John has. Then, as 

Charles has an equal number, x will also stand for the apples 

which he has. But together, they have twelve apples ; hence, 

twice X must be equal to 12. This we write thus : 

a?+aj=2a?=12: 
■» * • t 

and if twice x is equal to JL2,'itibllows .&at once a?, or a?, will 
be equal to 6. This^ w^^wrifctihus : > - ■ / - ^ 

12 
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When we write ^x by itdelf, we mean one x^ or the same as 
\x. If we writp 2a;, we mean that x is twicQ taken-; if 3x, 
that it is taken tht^^' Ijines, &c.. ' - . ! 
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Quest. — ^1. In the ^fiJjtJ^iiiBstion, how many iL^pfi^rJia^'eaGh boyi 
By what are numbers wifkmitibd i:n»AJgebra1 • £^ jtj^iffiiB 4)y itself, how 
many times x are exprs8sei^'7,*'What dots 32?s>'^Midte>1 What So;? 
What ixt &C. If we have os-f'X, to how nlanyjifrjies a; is it equal 1 If 
we have the value of So?, how do il'e-fiiid^be <irdue of a; 1 

(1) 






2 ELEMENTARY ALGI^RA. ^ ^ ^ 

* ^« . ' • 

St. James and John together have 24 peaches, and one has 
as many as the other : JJow jtnany has each,?^ ^ * 

Let X stand for the numher oF peaches which James has : 
then X will also be equal to the nmnber of peaches which 
John has ; and since they have 24 between them, 

a?+a7=24; 

24 
that is, 2x=24 and a?=~=12. 

Therefore, each has twelve peaches. 

3< William and John have 36 pears, and one has as many 
as the other : How many has each ? 
Let the number which each has be denoted by x. 

then 07+^=^36 ; 

that is, 2a?=i36 and a:=^=18. 

4. What number is that which added to itself will give a 
sum equal to 20 ? 

Let the number be denoted by x : then, as the number is 
to be added to itself, we have 



• • 



•••• .'§0. 



that is, . ' .-•-.Sk^O . or ;'ar*i^^lO. 

Hence, K) IS Hhetiumber. \ ^ 

ff. What niihiber is that which a<}ded to^ itself will give a 
sum equal to 80 ? - . 
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Qux8i'A^^v'*In^ the aeoond question, whlit 4oes f stand foe 1 What 
is twice x^ewifi'^ t How then do you find ih» value of a; 1 8* In the 
third question^'^^Y^i^dtes x stand fpr-'i ^ W^ i^ a; equal to 1 How do 
you find the value «^ j; 2* 41. In thtf Ibtuth'qikestioni what does x stand 
fori Whatistwif^Ve^i^tol Hei^ do you then find a; ? 5. In the 
fifth question, what doeft or staM for? How do you find its value 1 



INTaOOUCTION. 3 

6. What number is that which added to itself wHl give a 
sum equal to 50 ? 

7. What number is that which added to itself will give a 
sum equal to 100 ? 

8. What number added to itself will give a sum equal to 80. 

9. What number added to itself will give a sum equal to 25. 

10. What number added to itself will give a sum equal 
to37i. 



LESSON II. 

% 

1. John and Charles together have 12 apples, and Charles 
has twice as many as John : How many has each ? 

If we now suppose the apples to be divided into three equal 
parts, it is evident that John will have one of the parts and 
Charles two. 

Let us denote by x the apples which John has. Then, 2x 
will be equal to what Charles has, and x+2x will be equal 
to all the apples. This equality is thus expressed : 

a:+2x=12; 

12 
Aatis, 3a?=12 or ar==if=4 

' 3 

therefore, John has 4 apples, and Charles 8. 

QuESTd — 6. How do yoa find the -value of a; in the 6th question ? 
8. How in the 8th ? 9- How m the 9th ? 10* How m the 10th 1 

QussTioKS oir LE880N II.-— 1. luto how many parts may we suppose 
the 12 apples to be divided ? How many of the parts will John have 1 
What is the value of each part ? If a; stands for one of the parts, what 
will stand for two parts 1 What for three parts? If you have the value 
of 3a;, how will you find the value of a? ? 
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2. James and John have 30 pears, and John has twice as 
many as James : How inany has each ? 

Here, again, let us suppose the whole number to be divided 
into three equal parts, of which James must have one part, 
and John two. 

Let us then denote by :r, the number of pears which James 
has : then 2a? will be equal to the number of pears which 
John has, and x+2x will be equal to the whole number of 
pears : and we shall have 

a?+2a:=30 ; 

that is, 3xss30 or a?=a??=10. 

3 

3. William and John have 48 quills between them, and 
John has twice as many as William : How many has each ? 

Let the number of quills which William has be denoted by 
X : then, since John has twice as many, his will be denoted 
by 2x^ and the quills possessed by both of them, by 07+22; : 
Hence, we shall have 

a?+2a?=48; 

that is, 3x^48 or ar=_sal6. 

' 3 

Hence, William has 16 quills, and John 32. 

4. What number is that which added to twice itself, will 
give a sum equal to 60 ? 

Let the number sought be denoted by x, then twice the 
number will be denoted by 2x^ and we shall have 

a:+2x=60 J 

that is, 3a?=:60 or a,=s— =20: 

3 

and we see that 20 added to twice itself will give 60. 

QuvsTd — 9. In question second, what is the value of one of the parts T 
8* What in question 3rd 1 4« How do you state question 4th ? 



nfTRODucnoH. 5 ^ 

6. JohB flays to Charles, <' give me your inari>le8 and I shall 
have three times as many as I have now." ^^*No," says 
Charles, ^ but give me yours, and I shall have just 51." How 
many had each ? 

Let the number of marbles which John has be denoted by 
z : then^ 2x will denote the number which Charles has, and 
since they have 51 in all, we write 

x+2x=61 ; 

that is, 3x^51 or a?=^=17. 

6. What number is that which added to twice itself will 
give a sum equal to 75 ? 

Let the number be denoted by x : then, twice the number 
will be expressed by 2a?, and 

a?+2a?=s75; 

that is, 3a?=75 and a:=i~=25. 

' 3 

7. What number added to twice itself will give a sum 
equal to 90? 

8. What number added to twice itself will give a sum 
equal to 57? 

9. What number added to twice itself will give a sum 
equal to 39? 

10. What number added to twice itself will give a sum 
equal to 21 ? 

LESSON III. 

1. If James and John together have 24 quills, and John 
has three times as many as James, how many will each have ? 

Qjjwrr^—^. How do you state question 5th 1 6. Explain tiiie 6th ques- 
tion 1 '% Also the 7th. 8. What is the required number in the 8th 1 
9. What in the 9th1 10. What in the 10th? 

2 



It is i^am tint if we siqqpose the twenty-four quiDs to be 
divided in four equal partSy that James wiQ hare aoe of the 
parts, and Jcim three. 

Let US now designate by x the nmnb» of qniDs which 

James has : then 3x will denote die nnmber of qoills which 

John has, and we shall hare 

x+3x=24; 

24 
that is, 4xs=24 and x=s— .^6l 

4 

2. What nnmber is that which added to three times itself 
will give a som equal to 48 ? 

If we denote die nnmber by z, we shall have 

x+3r=48; 

that is, 4ar=48 and x=l^=12. 

4 

3. John and Chaiies haye 60 apples between diem, and 
Charles has diree times as many as John : How many has 
each? 

If we suppose the number of apples to be divided into four 
equal parts, it is evident that John will have one of those 
parts, and Charles three. 

Let xss die apples which John has : dien 3c will stand for 

the apples which Charles has, and we shall have 

ar+3a:=60; 

60 
that is, 4x=s60 and xs=:-p=15. 

Hence, John will have 15 and Charles 45. 

QuEST.^ — 1. If the 24 qoills be divided into four equal parts, how 
many parts will John have 1 How many will Charies have ? What is 
each part equal to ? 2- If three times a nnmber be added to the nnmber, 
how many times wiB the number be taken 1 If 4ia; is equal to 48, what 
u the value of x1 3- Explain the third qnestioni If 4x is equal to 
60, how do you find the value of x ? 
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4. What number is that which being added to three times 
itself will give a slim equal to 100 ? 

Let the number be denoted by x : then 

a?+3;B=100; 

that is, 4aj=100 and x=^—^25. 

4 

5. What number is that which if added to four times itself, 
the sum will be equal to 60 ? 

Let X denote the number. Then, 

a;-f 4^7=60 ; 

that is, 5a:=:60 and a:=— =12. 

6. What number is that which being multiplied by 3, and the 
product added to twice the number will give a sum equal to 75 ? 

Let the number be denoted by x. 
Then, 3x^ the product of the number by 3 ; 
and 2x= twice the number ; 
and 3a?+2a?=5a?=76; 

75 

and x=^ — =15, the required number. 

5 

7. What number is that which being added to three tiraes 
itself will give a sum equal to 140 ? 

8. What number is that which being multiplied by 5, and 
the product added to the number, will give a sum equal to 240 ? 

9. What number is that which being multiplied by 2, and 
then by 3, and the products added together, will give a sum 
equal to 125 ? 

Quest. — 5* If a number be added to four times itself, how many times 
will the nxunber be taken ! 6* If a; stands for any number, what will 
stand for three times that number? What for twice the number 1 V. 
Explain the 7th question? How do you state it ? What is 4j; equal to 1 
Why? Howtiiiendoyoufinda?? 8* How do you statethe 8th question? 
What is 6x equal to ? How then do you find xt 9. If x denotes a number, 
what will stand for twice the number ? What for three times the number ? 
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LESSON IV. 

1. John and Charles together have 80 apples, and Charles 
has four times as many as John : How many has each ? 

If we suppose the 80 apples to be divided into 5 equal 
parts, it is evident that John will have one of the parts, and 
Charles four. 

Let X stand for the apples which John has : then 4x will 
stand for the apples which Charles has ; and 

a?+4x=80 ; 

that is, 6x=:80 and ;r=^2=16. 

6 

2. What number added to four times itself will give a sum 
equal to 90 ? 

3. What number added to five times itself will give a sum 
equal to 120 ? 

4. What number added to six times itself will give a sum 
equal to 245 ? 

5. What number added to seven times itself will give a 
sum equal to 360 ? 

N.B. The questions in the preceding Lessons will give 
some idea of the questions to which Algebra may be applied. 

Quest. — ^1. If x stands for John's apples, what will denote Charles' I 
What will stand for the apples whidi they both haye? If 6x is equal to 
80, what wilier be equal to? ft. If a number be added to 4 times itself, how 
many times will the number be taken! If 6 times a number is equal to 
90, what is the value of the number 1 8. Explain example 3rd. 4« 
Explain question 4th 1 What does x stand for? 5* Explun the 5th 
question? 
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CHAPTER I. 

Preliminary Definitions and Remarks. 

1. QaANTiTY is a general term embracing every thing 
which can be increased or diminished. 

2. Mathematics is the science of quantity. 

3. Algebra is that branch of mathematics in which the 
quantities considered are represented by letters, and the ope- 
rations to be performed upon them are indicated by signs. 
These letters and signs are called symbols. 

4. The sign +, is called plus ; and indicates the addition 
of two or more quantities. Thus, 9+5, is read, 9 plus 5, 
or 9 augmented by 5. 

If we represent the number nine, by the letter a, and 
the number 5 by the letter h, we shall have o+i, which is 
read, a plus h ; and denotes that the number represented by 
a is to be added to the number represented by h, 

5. The sign — , is called minus ; and indicates that one 



QuBST. — 1. What is quantity 1 2. What is Mathematics 1 3. What 
is Algebra 1 What are these letters and signs called 1 4. What does the 
sign plus indicate 1 5. What does the sign minus indicate ? 

2* 
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quantity is to be subtracted from another. Thus, 9—5 is 
read, 9 minus 5, or 9 diminished by 5. 

In like manner, a — 6, is read, a minus b, or a diminished 
by ft. 

6. The sign x » is called the sign of muUiplication ; and 
when placed hetween two quantities, it denotes that they 
are to be multiplied together. The multiplication of two 
quantities is also frequently indicated by simply placing a 
point between them. Thus, 36 x 25, or 36.25, is read, 36 
multiplied by 25, or the product 36 by 25. 

7. The multiplication of quantities, which are represented 
by letters, is indicated by simply writing them one after the 
other, without interposing any sign. 

Thus, ab signifies the same thing as a X ft» or as a.b ; 
and abc the same as axbxc, or as a,bx. Thus, if wo 
suppose a =36, and ft =25, we have 

aft=36x 25=900. 

Again, if we suppose a =2, ft=3 and c=4, we have 

aft(;=2x 3x4=24. 

It is most convenient to arrange the letters of a product 
in alphabetical order. 

8. In the product of several letters, as abc, the single let* 
ters, a, ft, and c, are called factors of the product. Thus, 
in the product aft, there are two factors, a and ft ; in the 
product abCf there are three, a, ft, and c. 



Quest. — 6. What is the sign of multiplication 1 "What does the sign 
of multiphcation indicate 1 In how many ways may multiplication be 
expressed 1 7. If letters only are used, how may their multiplication be 
expressed 1 8. In the product of several letters, what is each letter 
called 1 How many factors in oft ? — ^in abc ? — In abed ?— In abce{fJ 
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9* Tb^e are thvee signs used to denote division. Thus, 
a-r-b denotes that a is to be divided by b, 

T denotes that a is to be divided by b* 
o 

a \b denotes that a is to be divided by b. 

10. The sign =, is called the sign of equality, and is 
read, is equal to. When placed between two quantities, it 
denotes that they are equal to each other. Thus, 9 — 5=4 : 
that is, 9 minus 5 is equal to 4 : Also, a+b^ic, denotes that 
file sum of the quantities a and b is equal to c. 

If we suppose a =10, and 5=5, we have 

a+b=c, and 10+5=c=15. 

1 1. The sign >, is called the sign of inequality, and is 
used to express that one quantity is greater or less than 
another. 

Thus, a > 5 is read, a greater than b ; and a < 5 is 
read, a less than b ; that is, the opening of the sign is turned 
towards the greater quantity. Thus, if a=9, and 5=4, we 
write, 9>4. 

12. If a quantity is added to itself several times as 
a+a+a+a+a+a, we generally write it but once, and 
then place a number before it to show how many times it 
is taken. Thus, 

a-\-a-{-a+a'{-a^=ba. 



Quest. — 9. How many signs are used in division 1 What are theyl 
10.. What is the sign equality? When placed between two quantities, 
what does it indicate] 11. For what is the sign of inequality xtsedl 
Which quantity is placed on the side of the opening 1 12. What is a co- 
efficient 1 How many times is ah taken in the expression a5 1 In Zdb ? 
In ^aJb 1 In bob 1 In 6fl5 1 If no co-efficient is written, what co-efficient 
is understood^ 
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The number 5 is called the coefficient of a, and denotes 
that a is taken 5 times. 

When the co-efficient is 1 it is generally omitted. Thus, 
a and la are the same, each being equal to a, or to one a. 

13. If a quantity be multiplied continually by itself, as 
axaXoXaxa, we generally express the product by writing 
the letter once, and placing a number to the right of, and a 
little above it : thus. 

The number 5 is called the exponent of a, and denotes 
the number of times which a enters into the product as a 
factor. For example, if we have a^, and suppose a =3, 
we write, 

a3=ax a Xa=33=3x3x3 = 27. 

If a=4, a3=43=:4x 4x4=64, 

and for a=5, a3=53=5x5x 5=125. 

If the exponent is 1 it is generally omitted. Thus, a^ is 
the same as a, each expressing a to the first power. 

1 4. The power of a quantity is the product which results 
from multiplying the quantity by itself. Thus, in the example 

a3=43=4x4x4=64, 

64 is the third power of 4, and the exponent 3 shows the 
degree of the power. 

15. The sign V ^ is called the radical sign, and when 

QmssT. — 13. What does the exponent of a letter show? How many 
times is a a factor in a2l In osl In a4^ In €fi% If no exponent is 
written, what exponent is understood 1 14. What is the power of a 
quantity 1 What is the third power of 2 1 Express the 4th power of a. 
16. Express the square root of a quantity. Also the cube root. Also 
the 4th root. 
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prefixed to a quantity, indicates that its root is to be ex- 
tracted. Thus, 

^^fcTox simply '/o'denotes the square root of a. 
-^/o^denotes the cube root of a. 
-y/a denotes the fourth root of a^. 

The number placed over the radical sign is called the tn- 
dex of the root. Thus, 2 is the index of the square root, 3 
of the cube root, 4 of the fourth root, &c. 

If we suppose a =64, we have 

-/6T=8, .^^=4. 

16. Every quantity written in algebraic language, that 
is, with the aid of letters and signs, is called an algebraie 
quantity, or the (dgehrcdc expression of a quantity. Thus, 

q ( is the algebraic expression of three times 

( the number a ; 
e 2 t is ^^ algebraic expression of five times 
C the square of a ; 

r is the algebraic expression of seven times 

la^h^ < the product of the cube of a by the square 

^ of 6; 

g Ri ( is the algebraic expression of the difference 

\ between three times a and five times h ; 

is the algebraic expression of twice the 

9 3 Q A_L/tA2J 8^"*!^® ^^ ^> diminished by three times 
"" "^ the product of a by ft, augmented by four 

times the square of h, 

1. Write three times the square of a multiplied by the 
cube of 5. Ans, 3a^bK 



Quest. — 16. What is an algebraic quantity t Is 5d^ an algebraic 
quantity] Is 9a1 Is4y1 U^b-^xl 



r 
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2. Write nine times the cube of a multiplied by b, dimin- 
ished by the square of c multiplied by d. Ans. 9ofib—c^d, 

3. If fl=2, &=3, and c=5, what will be the value of 
3a^ multiplied by b^ diminished by a multiplied by b multi- 
plied by c. We have 

3fl2ft2_ajc = 3 X 22 X 32—2 X 3 X 5 =78. 

4. If o=4, b=6, c=7, d=8, what is the value of 
da^+bc—adl Ans. 154. 

5. If a=7, b=3, c=z7y d=l, what is the value of 
6ai+3&2c— 4(^2? Ans. 227. 

6. If a=5, b=6y c=6, d=5, what is the value of 
dabc—Sad+Uc'i Ans. 1564. 

7. Write ten times the square of a into the cube of b into 
c square into d^. 

17. When an algebraic quantity is not connected with 
any other, by the sign of addition or subtraction, it is called 
a monomial, or a quantity composed of a single term, or sim- 
ply, a term. Thus, 

3fl, 5a2, 7a^^, 

are monomials, or single terms. 

18. An algebraic expression composed of two or more 
parts, separated by the sign + or — , is called a polynomial, 
or quantity involving two or more terms. For example, 

3fl— 5& and 2a^^3cb+4b^ 

are polynomials. 

19. A polynomial composed of two terms, is called a ^'- 
nomial ; and a polynomial of three terms is called a trinomial. 

Quest. — 17. What is a monomiall Is 3a5 a monomiall 18. What 
is a polynomial 1 Is 3a — b a polynomial] 19. What is a binomiall 
What is a trinomiall 
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20. Each of the literal factors which compose a term is 
called a dimension of this term : and the degree of a term is 
the nmnber of these factors or dimensions. Thus, 

o \ is a term of one dimension, or of the first 

) degree. 
. , ( is a term of two dimensions, or of the 
) second degree. 
>r^h 2—7 h ( is of six dimensions, or of the sixth 
"~ 4 degree. 

2 1 . A polynomial is said to be homogeneous, when all 
its terms are of the same degree. The polynomial 

3a—2b+c is of the first degree and homogeneous. 

~4ai+ ft2 is of the second degree and homogeneous. 

5a^c— 4c^+2c^d is of the third degree and homogeneous. 

8a^ +Aab+c is not homogeneous . 

22. A vinculum or bar : — , or a parenthesis ( ), 

is used to express that all the terms of a pol3aiomJal are to 
be considered together. Thus, 

a+b+cxh, or (a+b+c)xh, 

denotes that the trinomial a+b+c is to be multiplied by b ; 

also, a+b+cxc+d-^f, or (a+b+c) x{c+d+f), 

denotes that the trinomial a+b+c is to be multiplied by 
the trinomial c+d+f. 

When the parenthesis is used, the sign of multiplication 
is usually omitted. Thus, 

{a+b+€)xb is the same as (q+b+c)b. 

Quest. — 20. What is the dimension of a terml What is the degree 
of a term 1 How many factors in Sdbc 1 Which are they 1 What 
is its degree 1 21. When is a polynomial homogeneous 1 Is the polyno- 
mial 2a3&+3as6s homogeneous! Is 2a4& — b^] 22. For what is the 
yinculum or bar used T Can you e^qiress the same with the parenthesis 1 



\ 



16 BLBMENTASY ALGEBRA. 

33. The tenns of a polynomial whicli are composed of 
the same letters, the same letters in each heixkfr affected 
with like exponents, are called similar terms. 

Thus, in the polynomial 

7edf+Sab-'4a^^+5(^h^, 

the terms 7ab, and Sab, are similar : and so also are the 
terms — 4a^6^ and 5a^'^, the letters and exponents in both 
being the same. But in the binomial Sa^+7ab\ the 
terms are not similar ; for, although they are composed of 
the same letters, yet the same letters are not affected with 
like exponents. 

34. When an algebraic expression contains similar 
terms, it may be reduced to a simpler form. 

m 

1. Take the expression 3c^+2ab, which is evidently 
equal to 5ab, 

2. Reduce the expression 3ae+9ae+2ac to its simplest 
form. Ans, \4ae. 

3. Reduce the expression ahc+4abc+5<d>€ to its sim- 
plest form. 

In adding similar terms together we abc 

take the sum of the coefficients and 4abc 

annex the literal part. The first term, 5abe 

abc, has a coefficient 1 understood, lOabc 
(Art. 12). 

25. Of the different terms which compose a polynomial, 
some are preceded by the sign +, and the others by the 
sign — . The first are called additive terms, the others, 
subtractive terms. 



QuBBT. — 23. What are sinular tennfl of a polynomial 1 Are 3a^ 
and Gosfts similar 1 Are 2as&a and 2a3^ ? 24. If the terms are positive 
and similar, may they be reduced, to a sunpler form 1 In what way ? 
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The first tenn of a polynomial is commonly not preceded 
by any sign, but then it is understood to be aSected with the 
sign +. 

1. John has 20 apples and ^ves 5 to William: how 
many has he left ? 

Now, let us represent the number of apples which John 
has by a, and the number given away by h : the number he 
would have left would then be represented by a— 6. 

2. A merchant goes into trade with a certain sum of 
money, say a dollars ; at the end of a certain time he has 
gained b dollars : how much will he then have ? 

Ans, a+h dollars. 

If instead of gaining he had lost h dollars, how much 
would he have had ? Ans. a—h dollars. 

Now, if the losses exceed the amount with which he 
began business, that is, if h were greater than a, we must 
prefix the minus sign to the remainder to show that the 
quantity to be subtracted was the greatest. 

Thus, if he commenced business with $2000, and lost 
$3000, the true difierence would be —1000 : that is, the 
subtractive quantity exceeds the additive by $1000. 

3. Let a merchant call the debts due him additive, and 
the debts he owes subtractive. Now,, if he has due him 
$600 from one man, $80Q from another, $300 from another, 
and owes $500 to one, $200 to a second, and $50 to a 
third, how will the account stand ? Ans, $950 due him. 

4. Reduce to its simplest form the expressioti 

QxnssT. — !35. What are the terms called which are preceded by the 
sign + ? What are the terms called which are preceded by the sign — . 
If no sign is prefixed to a term, what sign is understood? If some of the 
terms are additive and some subtractive, may they be reduced if simuar ? 
Give the rule for reducing them. Does the reduction affect the expo- 
nents, or only the coefficients ? 

3 
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Additwe terms. . Svbtraetwe terms. 

+ 3fl26 — 3a26 

+ ba^h — 6a2A 

+ 4fl^a — __fl^ 

Sum +\2a% Sum — lOo^fe. 

But, 12a2*-10a2^=2fl«i. 

Hence, for the reduction of the similar terms of a polyno- 
mial we have the following 

RULE. 

l,"Form a' single additwe term of aU the terms preceded by 
the sign plus ; this is done by adding together the coefficients 
of those terms ^ and annexing to their sum the literal part, 

II. Form, in the same manner, a single subtractive term. 

III. Subtract the less sum from the greater, and prefix to 
the result the sign of the greater. 

Remark. — It should be observed that the reduction affects 
only coefficients, and not the exponents. 

EXAMPLES. 

I. Reduce to its simplest form the polynomial 

+ 2a^c^—4a^c^+6(^bc^—8a^c^+lla^(^. 

Find the sum of the additive and subtractive terms sepa- 
rately, and take their difference : thus. 

Additive terms. Subtractive terms. 

+ 2a^b(^ — 4a3*c« 

+ \la%c'^ Sum — 12a3^ 

Sum +19a3^ 

Hence, the given polynomial reduces to 

19a3&c2— 12a3ftc2=7a35c2. 
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2. Reduce the polynomial 4a^Sa^—9a^+lla^ to 
its simplest form. Ans, —2a%. 

3. Reduce the pol3niomial ldbc^^abi^-'lah<?-\Sah(? 
'^Qahc^ to its simplest fonn. Ans, IZdbc^, 

4. Reduce the polynomial Qcfi^— Soc^+lScft^+Sca+Ooc^ 
— 24ci3 to its simplest form. Ans, ac^+Sca. 

The reduction of similar terms is an operation peculiar to 
algebra. Such reductions are constantly made in Algebraic T 
Addition^ Subtraction^ Multiplication, and Division, 



ADDITION. 

26. Addition in Algebra, consists in finding the simplest 
equivalent expression for several algebraic quantities, con- 
nected together by the sign plus or minus. Such equivalent 
expression is called their sum, 

1. What is the sum of 

3ax+2ab and -'2ax+ab, 

3ax+2ab 

We reduce the terms as in Art. 25, — - 2flag+ ab 

and find for the sum ax+3ab 

C 3a 

2. Let it be required to add together \ .* 

the expressions : i ^ 



The result is 3a+5b+2c 

an expression which cannot be reduced to a more simple 
form. 



Qttest. — ^26. What is addition in Algebra 1 What is such simplest 
and equivalent expression called 7 
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Again, add together the monomials ^ 2a^5^ 



The result after reducing (Art. 25), is . . 13a^&^ 

3. Let it be required to find the sum N q^8_3^^ r w 
of the expressions i , ,« 

Their sum, after reducing (Art. 25) is . 5g^— 5g&— 46^ 

27. As a course of reasoning similar to the above 
would apply to all polynomials, we deduce for the addition 
of algebraic quantities the following general 

RULE. 

I. Write dotxm the quantities to he added so that the similar 
terms shaU faU under each other, and give to each term its 
proper sign, 

IL Redttce the similar terms, and annex to the results the 
terms which cannot be reduced, giving to each term its respec- 
tive sign. 

EXAMPLES. 

1. What is the sum of Sax, 5ax, —2ax and ISax. ? 

Ans, I9ax. 

2. What is the sum of 4ab+8ac and 2abr—7ac+d, ? 

Ans. 6ab+ac-{-d, 

3. Add together the polynomials, 

3a^'-2b^'^4ab, ia^—h'^+iab, and 3a5— 3c2--2*2. 

The term Sa^ being similar to '^ * 

5a2, yffQ write Sa^ for the result 
of the reduction of these two terms, •< 
«t the same time slightly crossing 
them, as in the first term. 



3)i2— 4^— 2&2 

5^2+2#5— J2 

+ 3^&-2&2— 3c2 
8a2+ aJ-.5&2_3c3 



r. 



QuBST. — 27. Give the rule for the addition of Algebraic quantitiea. 
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Passing then to the tenn —4ab, which is similar ix>+2ab 
and +3a6, the three reduce to +a6, which is placed after 
8a^ and the terms crossed like the first term. Passing 
then to the terms involving H^y we find their smn to be 
—552, after which we write — 3c^. 

The marks are drawn across the terms, that none of them 
may be overlooked and omitted. 

(4) (5) (6) (7) (8) 

a 6a 5a Bob 3ac 

a 5a 5b 5ab 6ae 

2a 11a 5a 4- 55 8ab 



-/ 



(9) 

7abc-\-9ax 

■Sabc — 3aaj 
4abc-{-6ax 



5a +55 

(10) 
Sax+3b 
5ax—9b 
I3ax — 6b 





lla6 


( 

12a. 
-3a- 


11) 
- 6c 

^ 9c 


9a- 


-15c 



Note. — If a=5, 5=4, c=2, a?=l, what are the values 
of the several sums above found. 



(12) 




(13 


) (14) 


9«+/ 




6aa? — 


8ac 3a/+ g +m 


-6a+g 


— 


-7aa?— 


9ac ag^Saf^m 


-2flL-/ 




ax+ 17 ac ab— og+3g 


fl+^ 







ab+4g 


(15) 






(16) 


7a;+3a5+ 


3c 




8a^+ 9aca:+13a252ca 


— 3a;— 3a5— 


5c 




— 7a?2— 13aca;+ Ua^^c^ 


5a? — 9a5 — 


9c 




— 4a:2_|. 4acx—20a^^c^ 



9a;— 9a5— lie 



(17) 
22A— 3c— 7/+3^ 
• 3A+8c~2/-9^+5a? 
19A4 5c— 9/— 6^+5a; 



— 3ar>+ + 7a^^( ^ 

(18) 
19aA24.3a35*— Soa;^ 
- I7ah^-9a^b^+9aa^ 
2aA2— 6a354+ aai^ 



3* 





20) 




&•+ i 




20- 


- i+ 




-3o+ i 


+2i 


- 


-6fi-3c-(-3i 


-5a 


+■! 


-Bd 


2a- 


-5b+5 


-2d 
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(19) 

7a.-9y+-6»+3- ^ 

- «-3y -8- g 

- «+ y_3^+l + 7y 

— 3i+6y+3*— 1— g 

3c+8y-5a+9+ g 
4i+3y + Q +4 + 5g 

31. Add together — i+3c— J-115e+6/-5^, 36— 2e 
—3d—e+27f, 5e—8d+3f—7g, —7b—6e+17d+9e—5f 
+ Ug, —3b—5d—^+6f~9g+h. 

Ans. —6b-l09e+37f—lOg+h. 

22. Add togelher the polynomials 7a^b—3abe~8b^e—9e' 
+cd^, 8«ic— 5a'i+3c3— 4S*e+c<P and it^b—Se'+Q^e 
— 3(P. Ans. 6o^i+6aic— 3J«c— 14c»4-2cd=— 3(P. 

33. What 18 the sum of 5a^be+6hx—Aaf, — 3a'Sc— 6J« 
■H4a/, — a/+9iii+2a^ic, +6c/— 86iB+6fl26c. 

Ans. I0a^be+bx+l5af. 

24. What is the smn of aV+3a%i+ i, — 6a^»— ea^m— J, 
+9i— 9a^— 5oW. jlnj. — lOo^n^— 12a3oj+9i 

25. What ia the sum of 4(^l^c—16a'-x~9m^d, +6a^b^e 
—Gax'd+na^x, +I6ax^d—a<x—9a^b'c. 

Am. a'b^+aa^d. 

26. What is the sum of —7^+36+4^—26, +3^ 
— 3(i+26. Ana. 0. 

27. What is the sum of ai>+3xy—m—n, —6xy—3nt 
+ nn+c-!, +3a:y+4m— 10n+_;^. Ans. ab+ed+fg. 

28. What is the sum of 4o;y+n+6(M;+9iim, — 6a;y+6fl 
—Sax— Sam, 2ay— 7n+aE— am. Ans. +ax. 



\ 
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29. Add the polynomials I9a^x^b--I2a^ch, 5a^x^h+iiahh 
— lOoa?, — 2aV&— 12a9f&, and — 18aV&— 12a3ci+9a»- 

Ans. 4a^oc^b -^220,^01 —ax. 

30. Add together da+b+c^ 5a+2b+3ac, a+c+oc, 
and — 3a — 9ac— 8i. Ans, 6a — 5b+2c — 5ac. 

31. Add together • 5ia^b+6cx+9bc\ 7cx—8a% and 
— 15<?ic — 9bc^-{'2a^b. Ans, — a^ — 2cx* 

32. Add together Sax+dab+Sa^b^n^^ -^ISax+ea^+lOab 
and lOaa;— 15a&— 6a2Z^c2. Ans. —3a^l^c^+6aK 

33. Add together 3a2+5a2^c2— 9a3a?, la^—Sa^b^c^—lOa^x 
9Jidl0ab+l6a^Pc^+l9a^x. Ans, 10a^+l3a^b^c^+10ab. 



SUBTRACTION. 



28. Subtraction, in Algebra, consists in finding the sim.'^ 
plest expression for the difference between two algebraic 
quantities. 

Thus, the difference between 6a and 3a is expressed by 

6a — 3a=3a; 
and the difference between 7a^b and 3a^i^ by 

7a3^-3a3* = 4a3&. 

In like manner the difference between 4a and 35 is 
expressed by 4a— 35. 

Hence, If the quantities are simUar, subtract the coefficients ; 
and if they are riot similar ^ place the minus sign before the 
quantity to be subtracted. 

Quest. — 28. In wh^t does subtraction in Algebra consist? How do 
you find this difierence when the quantities are positive and similar 7 
When they are not similar, how do you express the difference 7 
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(1) 


(2) 


(3) 


From 


Sab 


6aa; 


9abe 


take 


2ab 


Saoi 


7abe 


Rem. 

1 


ab 


Sax 


2ab€. 




(4) 


(5) 


(6) 


From 


16a2^c 


lla^Pe 


24a^li^x 


take 


da^b^c 


Sa^h 


laWx 


Rem. 


laV^c 


I4€fib^c 


IJa^b^x 




(7) 


(8) 


(9) 


From 


Saxt 


4a&x 


2am 


take 


8c 
3aa?— 8c 


9ac 
4abx^9ac 


ax 


Rem. 


2am— ax. 



29. Let it be required to subtract from 4a 

the binomial 25— -3c 

The difference may be put under the form 4fl— (2ft— 3c). 

We must now remark that it is the difference between 2b 
and 3c which is to be taken from 4a. 

If then, we write . 4a— 2ft, 

we shall have taken away too much by the units in 3c ; 
hence, 3c must be added to give the true remainder, which 
is 4a— 2ft+3c. 

To illustrate this example by figures, suppose a=5» 
ft=5, and c=3. 

We shall then have 4a=20 

and . 2ft— 3c =rlO— 9 = 1 

which may be written . 4a— (2ft— 3c)=20— 1 =19. 



Quest. — 29. If 25— 3c is to be taken from 4a, what is proposed to 
be done ? If you subtract 25 from 4a, have you taken too much ? How 
tihen must you supply the deficiency 1 



SUBTEACTION. 



25 



Here it is required to subtract 1 from 20. If, then, we 
subtract 25=10, from 4a =20, it is plain that we shall 
have taken top much by 3(;=9, which must therefore be 
added to give the true remainder. 

30. Hence, for the subtraction of algebraic quantities, 
we have the following general 

L Write t^ quantity to be subtracted under that from which 
it is to be taken, placing the similar termSj if there are ant/, 
under each other. ' 

II. Change the signs of all the terms of the polynomial to 
be subtracted, or conceive them to be changed, and then reduce 
the polynomial restdt to its simplest form. 

EXAMPLES. 



(1) 

From 6ac—5ab+ c' 
Take Sac + Sab +7 c 
Rem. Sac—8ab+ c^—7c. 

(3) 
From 6aa; —-a+ 3&* 

Take 9ax'-x+ b^ 

Rem. — Sax — a+a?+2i^. 



55 



*^w 



o o 



(1) 

6ac — 5ab-{- c* 



l^ —Sac— Sab— 7c 



00 

5 '3 55 



&%li Sac—Sab+ c^—7c. 

(3) 

6yx—Soi^-\-5b 

yx—S + ^ 
5yx—Sx^+S+5b—a. 



(4) 
From 5a3— 4a2&+ 3^2^ 

Take —2t^+S^b--2_^^ 
Rem. 7a^-7a^b+llb^c. 



(5) 
4ab— cd+Sa^ 

5ab—4cd +Sa ^+5b^ 
— ab+Scd—5b\ 



QpKST. ' 30 . Give the rule ftv the subtraction of algebraic quantities. 
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6. From 6am+y take Sam—x, Ans. 3am+x+y. 

7. From 3(ix take 3aa;— y. Ans. +y. 

8. From Ja^b^'-x^ take I8a^b^+x^. 

Ans. —11^262— 2a!2. 

9. From — 7/+3m-8a? take — 6/-5m— 2a?+3J+8, 

Aiw. — /+8ffi— 6a;— 3rf— 8. 

10. From — a— 55+7c— rf take 4&— c+2cZ+2Jfc. 

Anj. — a— 9&+8c— 3rf— 2*. 

11. From . . — 3a+5— 8c+7c— 5/+3A— 7a;— 13y take 
*+2fl— 9c+8c— 7a;+7/— y— 3/-.*. 

Ans, — 5fl+i+c— c— 12/+3A— 12y+3/. 

12. From a+b take a— 5. iln^. 26. 

13. From 2a;— 4a— 25+5 take 8— 56+a+6a;. 

Ans, — 4x— 5a+3ft — 3 

14. From 3fl+ft+c— rf— 10 take c+2a--i. 

Ans. a+h — 10 

15. From 3a+5+c— J— 10 take ft— 19+3fl. 

Ans, e — cZ+9 

16. From 2a5+ft2.-4c+5c— ft take 3a«— c+ft2. 

Ans. 2<ift— 3a2«-3c+ftc— ft. 

17. From a3+3ft2c+aft2— aftc take ft^+oft^— aftc. 

-An*. a3+3ft2c— ft3. 

18. From 12a;+6a— 4ft+40 take 4ft— 3a+4a;+6d— 10. 

Ans, 8a?+9a— 8ft— 6(f+50. 

19. From 2a;— 3<i+4ft+6c— 60 take 9a+a;+6ft— 6c— 40. 

Ans. a;— 12fl— 2ft+12c— 10. 

20. From 6a— 4ft— 12c-|-12a7 take 2a;— 8a+4ft— 6c. 

Ans, 14a-— 8ft— 6c+10ap. 

21. From 8aftc— 12ft3a+6e«^7a;y take 7ca;— a;y— ISft^o. 

Ans. Softc+ft^a— COP- 6«y, 
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31. By the rule for subtraction, polynomials may be 
subjected to certain transformations. 



For example, 
becomes . . . 
[n like manner 
becomes 
or, again, 
Also, . . 
becomes 
Also, . . 
becomes 



6a2— Sab + 2&2 -2*0, 
6fl2— (3aJ - 2ft2 +2be). 
7fl3-« 8o2ft— 4*2c+6&2, 

7a3— (8a2ft+ 4ft2c— 6&2), 
7a3— 8a2ft-(452c-65«). 
8a3_ 75a + c — rf, 
8a3_(7j2 _ ^ +j). 

9^3— a + 3a2 — rf, 
9^3— (o — 3a2 +ef). 



33. Remark. — ^From what has been shown in addition 
and subtraction, we deduce the following principles. 

. 1st. In algebra, the words add and sum do not always, as 
in arithmetic, convey the idea of augmentation; for a—b, 
which results from the addition of — ^ to a, is properly 
speaking, a difference between the number of units ex- 
pressed by a, and the number of units expressed by b. 
Consequently, this result is numerically less than a. To 
distinguish this sum from an arithmetical sum, it is called 
the algebraic sum. 

Thus, the pol3niomial 2a^^ZaH+3b'^c is an algebraic 
sum, so long as it is considered as the result of the union 



QvKST. — 31. How may you change the form of a polynomial ? 32. In 
algebra do the words add and sum convey the same idea as in arithme- 
tic? What is the algebraic sum of 9 and —4? Of 8 and —2? 
May an algebraic sum ever be negative ? What is the sum of 4 and 
^-81 Do the words subtraction and difference in algebra always con- 
vey the idea of diminution ? What is the algebraic difference between 
8 and —47 Between a and — &? 
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of the monomials 20^, —3a^b, +3b\ with their respec- 
tive signs ; and, in its proper acceptcUion^ it is the arithmeti- 
cal difference between the sum of the units contained in the 
additive terms, and the sum of the units contained in the 
subtractive terms. 

It follows from this, that an algebraic sum may, in the 
numerical applications, be reduced to a negative number, or 
a number affected with the sign — . 

2nd. The words subtraction and difference do not always 
convey the idea of diminution ; for, the numerical difference 
between -{-a and —6 being a+6, exceeds a. This result 
is an algebraic difference^ and can be put under the form of 

a— ( — i)=:a+6 



MULTIPLICATION. 

33. If a man earns a dollars in one day, how much 
will he earn in 6 days ? Here it is simply required to re- 
peat the number a, 6 times, which gives 6a for the amount 
earned. 

1. What will ten yards of cloth cost ate dollars per yard? 

Ans, 10c doUars, 

2. What will d hats cost at 9 dollars per hat ? 

Ans. 9d dollars. 

3. What will b cravats cost at 40 cents each ? 

Ans, 40b cents. 

4. What will b pair of gloves cost at a cents a pair ? 



QuE8T.^~33. What is the object of multiplication in algebra 1 If a 
man earns a dollars in one day, how much will he earn in 4 days 1 In 
6 days 1 In 6 days \ 
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Here it is plain that the cost will be found bj repeating b 
as many times as there are units in a : Hence, the cost is 
accents. Ans. ab. cents. 

Note. — ^If we suppose a=6, c=4, and J=3, what would 
be the numerical values of the above answers ? 

5. If a man's income is 3a dollars a week, how much 
will it be in 4& weeks. Here we must repeat 3a dollars as 
many times as there are units in 4b weeks ; hence, the pro- 
duct is equal to 

3ax4bz=l2ab. 

If we suppose a=4 and 5=3 the product will be equal 
to 144. 

34. Remark. — It is plain that the product I2ab will noC 
be altered by changing the arrangement of the factors ; that 
is, I2ab is the same as abxl2, or as baxl2, or as 
axl2xb (See Arithmetic, § 23). 

35. Let us now multiply 3a^b^ by 2a'6, which may be 
placed under the form 

3a^b^ X 2a^b=3 X 2aaaabbb ; 

in which a is a factor four times, and b a factor three times : 
hence (Art. 13). 

3a2ft2 X 2a^b=3 X 2aaaabbb=z6a^b^, 

in which, toe multiply the co-efficients together and add the 
exponents of the like letters. 



QiTEST. — 34. Will a product be altered by changing the arrangement 
of the factors 1 Is 3ab the same as 3ba'i Is it the same as a X 3^1 
AahxSal 35. In multiplying monomials what do you do with the co- 
efficients 1 What do you do with the exponents of the common letters f 
If a letter is found in one factor and not m tho other, what do you do 7 

4 
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Hence, fot the multipUc&tion of monomials, we bare the 
following 

RULE. 
I MuUipli/ the eo-e^ieients together. 

II. Write after this product aU the letters which are com- 
mon to Ike multiplicand arid multiplier, affecting each letter 
with an exponent equal to the sum of the two exponents with 
which this letter is affected in the two factors. 

III. If a letter enters into but one of the factors, write it in 
the product with the exponent with which ii is affected in the 

EZAHPLEB. 

1. 8o«6c' X 7ab^ = 56<ja6V<P. 

3. 2la'i^cdx8abc^=l68a*b3e*d. 

3. 4aiex7df = 28<Aedf 



(•») 


(5) 


(6) 


Multiply 3o'i 


12a^a; 


S^. 


by 2a=J 


12^, 


.J'. ■ 


Ga'h' 


144aVy 


6„j^.'. 


C) 


(8) 


(8) 


^^ 


3oSW 


S7ax^ 


2./ 


9a»6»c 


3fi'i«y' 


2a*^y' 


27o»6»c* 


26lalPx>-y*. 


10. Multiply 5a"iV 


by 6^^. 


An,. 30o>SV.>. 


U. Multiply 10,^W 


by laed. 


Ans. rOa^Ve^d. 


12. Multiply 9aHxy by 9<t'bxy. 


Ans. Blffitfit^. 


13. Multiply 36a86'tf"(i» by 20flAV<p. 


Alts. 720aS6V^. 



14. Multiply 27axyi by 9a'iM<Patyy. 

Arts. 243a'i^c'J'a;V«* 

15. Multiply 13«'6*c by Soixy. Ans 104a*6'c*y. 
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16. Multiply 20<i»&»cJ by I2a^x^y. Ans, 240a'&«cefct2y. 

17. Multiply 14a*6«J*y by 20<^c^x^y, 

Ans.^280a''b^e^d^sthf\ 

18. Multiply 8o363y* by la^bxy^. Ans, SGa'^ay®. 

19. Multiply 75axyz by dcfibcda^y^ 

Ans. 37 bcfibcdx^tf^z, 

20. Multiply SlaV*^ by daHc^afiy. 

Ans> 459o*AcVy. 

36. We will now proceed to the multiplication of poly- 
nomials. Take the two polynomials a+b+c, and d+f, 
composed entirely of additive terms ; the product may be 
presented under the form (a+b+c) {d+j). It is now re- 
quired to take the multiplicand as many times as there aro 
units in d and/. 

Multiplicand a+b+e 

Multiplier d+f 

taken d times .ad+bd+cd 

taken/times . . +<rf+bf+cf 

entire product .... ad^ bd+ cd+ af+ bf+ cf. 

Therefore, in order to multiply together two polynomials 
composed entirely of additive terms : 

Multiply successively each term of the multiplicand by each 
term of the multiplier ^ and add together aU the products. 

EXAMPLES. 

1. Multiply 3a^+ 4ab+lf^ 

by 2a + 5b 

6o3+ Sa^+2ab^ 
The product, after reducing, +I5a^+20ab^+5h^ 

becomes .... ea^+23a'^b-\-22ab^+5b^ 

Quest. — 36. How do you multiply two polynomials composed of 
additive teims 1 
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(2) (3) 

' a +y ax +5ax 



c^+xy^+x^y+y^ 6a(x^+6aa^y^+42a^oc!^, 

4. Multiply sfi+2ax+a^ by x+a. 

5. Multiply a^+y^ by a?+y. 

Ans, aj*+«y'+a!^y+y*. 

6. Multiply 3a*a+6aV by 3aft2+3aV. 

Atw. 9a2J4+27a»6V+18a*c*. 

7. Multiply a2i2+c2rf by a+b. 

Ans. a^^+ac^d+a^P+hc^d. 

8. Multiply 3ax^+9ab^+cd^ by Ga^c^. 

^nj. 18a3c2ar2+54a3c2i3+6aVd5. 

9. Multiply 64:a?x^+27a^x+9ab by 8a3ci. 

Ans. 5l2a^cdx^+2l6cficdx+72a^bcd. 

10. Multiply a2^2ar+a;2 by a+x. 

Ans. a^+3a^x+3ax^+a^. 

11. Multiply a^+3a^x+3asj^+a^ by a+o;. 

^»5. a*+4a3a;+6a2a^+4aap3+«*. 

37. To explain the most general case, multiply a-^b 
by e—d. 

The required product is equal to a —b 

a—b taken as many times as there c -^d 

are units in c^-d. If then we mul- oc— be 

tiply by c, which gives ac—bc^ we — ac?+^<^ 



have got too much by a—b taken ac—bc^ad+bd, 

d times ; that is, we have ad—db 
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too much. Changing the signs, and subtracting this from 
the first product (Art. 30), we have 

. (a—b) {c—d)z=ae—hc—iid+bd. 

Let us suppose a=10, 6=6, c=5, and (2=1; in which 
case we find the product 

(a_J) (c-d)=ac— &c-aJ+W=16. 

Hence, we have the following rule for the signs. 

When two terms of the multiplicand and multiplier art 
affected with the same sign, the corresponding product is affect' 
ed with the sign + ; o>id when they are affected with contrary 
signs J the product is affected with the sign — . 

Therefore we say in algebraic language, that + multi- 
plied by +, or — multiplied by — , gives + > — multi- 
plied by +, or + multiplied by — , gives —. 

Hence, for the multiplication of polynomials we have the 
following 

RULE. 

Multiply all the terms of the multiplicand hy each term of 
the multiplier, observing that like signs give plus in the pro- 
duct, and unlike signs minus, T^hen reduce the polynomud 
result to its simplest form, 

EXAMPLES. 

1. Multiply .... 2ax — da5 

by 3x — b. 

The product Gaac^ — 9abx 

becomes after .... — 2abx +3(^)1^ 

reducing 6ax^ —11 abx+3ab\ 

Quest. — 37. What does + multiplied by + give? + multiplied 
by — 1 — multiplied by -|- ? — multiplied by — ? Give the rule for 
the multiplication of polynomials ? 

4» 
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2. Multiply a*— 2^3 by i— 6. 

Ans. aS-2a&3_a45^.2M. 

3. Multiply aj2--3a?— 7 by a?— 2. 

Ans. af3— .5^52 — a?+14. 

4. Multiply 3a2-5a5+2&2 by a^—'tab. 

Ans. 3a*-26a35+37a2i2_i4a;^. 

5. Multiply 62+5*+56 by ft^—l. Atw. fc8_52. 

6. Multiply ar*— 2ar»y+4a?V— 8ay3+16y* by a+2y. 

j4iw. a*+32y*. 

7. Multiply 4a?2— 2y by 2y. Ans. 8a^y— 4y2. 

8. Multiply 2a;+4y by 2«— 4y. Ans. ^x^—\%y^. 

9. Multiply tj^+x'^y+xy^+y^ by a?— y. 

^iw. «*— y*. 

10. Multiply oj^+ay+y^ by a?—xy+y^. 

Ans. a?*+a?2y*+y*. 

11. Multiply 2a2— 3(M;+4aj2 by Sa^— 600?— 2a;2. 

ilTW. 10a*— 27a3a;+34a2a^— 18ai»3— 8a?*. 

12. Multiply 3a;2— 2ay+5 by a;2+2a;y— 3. 

Ans. 3a5*+4a?3y— 4a;2— 4a72y2+16afy— 15. 

13. Multiply 3a?3+2ar^y2+3y2 by 2a:3— 3a;V+5y3. 

. i 6a?6— 5a?»y2--6a;*y*+6a;3y2+ 
\j^ ^' i 15a;3y3— 9ar2y4+ 1 Oa;V+ 1 V- 

14. Multiply 8aa;— 6a& — c by 2ar+a5+c. 

An^. 1 6a^x^ — 4a^5x — 6a^^^ + 6aca; — 7a^c — c^. 

15. Multiply 3a2-562+3ca by a«-R 

Atw. 3a*-8a262+3a2c3+56*— 363c2. 

16. 3a2-5W+ c/ 

— 5gg+4&<^— 8c/. 

Pro. rod. — 1 5g*+ 37ag&(f — 29gV~20&g(P+ 44ftc<y— 8cy^. 
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38. To finish Mrith what has reference to algebraic mul- 
tiplication, we will make known a few results of frequent 
use in Algebra. 

Let it be required to form the square or second power of 
the binomial (a-^b). We have, from known principles, 

{a+b)^={a+b) {a+b)=ia^+2ab+b\ 

That is, the square of the sum of two quantities is equal to 
the square of the first, plus twice the product of the first by the 
second, plus the square of the second, 

1. Form the square of 2a+Zb. We have from the rule 

(2a +35)2 =; 4^2 + \2(ib + 9R 

2. (bab+Zacf z=i2ba%'^+ 20a^bc+ ^a^c\ 

3. (5a2 +8a2ft)2 =:25a* + 80a*J +^4^b\ 

4. (6(M?+9a2ar2)2=36a2r2+ 108a3a^+81a*ar*. 

39. To form the square of a difference a— ft, we have 

(a-5)2=(a-5) (a-&)=a2-2a5+R 

That is, the square of the difference between two quantities is 
equal to the square of the first, minus twice the product of the 
first by the second, plus the square of the second, 

1. Form the square of 2a— i. We have 

(2a-5)3=4a2-4a5+*^. 

2. Form the square of 4ac—bc, We have 

(4ac — bcY = 1 GflV — 8abc^ + b^c\ 

3. Form the square of 7a^b^—l2aP. We have 

(7a2^2_ I2a53)2=:49a*6* - 1 68a35»+ I44a^b^. 

QmsT. — 38. What is the square of the sum of two quantities equal to ? 
39. What is the square of the difference of two quantities equal to ? 
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40. Let it be required to multiply a+b by a—ft. Wo 

have 

(a+6)x(a-ft)=a2-ft2. 

Hence, the sum of two quarUitieSy muUiplied by their differ^ 
ence, is equal to the difference of their squares. 

1. Multiply 2c+b by 2c--6. We have 

2. Multiply 9ac+3bc by 9ac—3bc. We have 

(9ac+3Jc)(9ac-36c)=:81aV-9i2c3. 

3. Multiply 8a^+7ab^ by 8a^—7ab\ We have 

(8a3+7ai^)(8a3- 7ai2)-64a6— 49a2i*. 

41. It is sometimes convenient to find the factors of a 
polynomial, or to resolve a polynomial into its factors. 
Thus, if we have the polynomial 

ac+ah-\-ad, 

we see that a is a common factor to each of the terms : 
hence, it may be placed under the form 

a{c+b+d), 

1. Find the factors of the polynomial a^b^+a^d+aY, 

Ans. a^{h^+d+f). 

2. Find the factors of 3a^b+6a^^+b^d. 

Ans. b{3a^+6a^+bd). 

3. Find the factors of 3a^+9a^c+l8a^xtf. 

Ans. 3a^{b+3c+6anf). 



QuBRT.— 40. What is the sum of two quantities multiplied by their 
difference equal to 1 
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4. Find the factors of Sa^ca;— 18aca!«+2oc«y--30a«c»a;. 

Ans. 2ac(4:(ix — 9a^ + c*y — 1 ba^c^x), 

5. Find the factors of a^+2ab+h^. 

Ans. {a+b)x(a+b). 

6. Find the factors of a^^b\ Ans, {a+h)x{a—b), 

7. Find the factors of a^—2ab+b'^. 

Ans, {a—b)x{a—b). 



DIVISION. 



42. Algebraic division has the same object as arithmeti- 
cal, viz : having given a product, and one of its factors, to 
find the other factor. 

We will first consider the case of two monomials. 

The division of 72a^ by 8a^ is indicated thus : 

72o* 
"8^* 

It is required to find a third monomial, which, multiplied 
by the second, will produce the first. It is plain that the 
third monomial is 9a^ ; for by the rules of multiplication 

8a3x9a2=72a5. 

72^6 
Hence, we have _ - =9g^ 

a result which is obtained by dividing the coefficient of the 
dividend by the coefficient of the divisor^ and subtracting the 
exponents of the like letter. 

Quest. — 42. What is the object of division in Algebra 1 Give the 
rale for dividing monomiab 1 
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for, 7a* X 5a'bc = 35oSfi*c. 

56a*J*c» . , 



Again, 



Hence, for the division of numomials we have tlie following 

BULB. 

I. Divide the eoeffieient of the dividend by the eoe^etent of 
the divisor. 

II. Write in the quotient, after tie coefficient, aU the letters 
eomnum to the dividend and divisor, and affect each with on 
exponent equal to the excess of its exponent in the dividend 
over that in the divisor. 

III. Annex to these, those letters of the dividend, with their 
respective ei^onents, which are not found in the ^visor. 

From these rulea we find 

48a363cM „ , 150o«JSc(P 

—-—75 — =4a^bcdi -j T -„,j, - =5b»&»«(. 

1. Divide 16x> by 8x. Ans. 2x. 

3. Divide I5axy^ by Say. Ans. 5xy', 

3. Divide 84aft't by I2b\ Ans. labx. 

4. Divide 360*6*6* by ^t^h^e. Ans. ialfie. 

5. Divide SBa^b'^e by Ba^b. Ans. llahc. 

6. Divide 990*6*2* by lla^J***. Ans. 9ai'a. 

7. Divide IQ&ifit^z* by 54a!*». Ans. 2xy^t'. 

8. Divide 64xV«* by 16a^/»*. Ans. 4ay*. 

9. Divide 96a'iec» by 12a=Jc. 4m. 8o*6«e*. 
10. Divide 54a Vi" by 21aed. Ans. 2o=c*(P. 
n. Divide 38o'&«<i* by %a^bH. Ans. 19oi<P. 
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12. Divide 42a»&V by 'jabc. Ans. eabe. 

13. Divide 64€fib*(^ by 32a^bc. Ans. 2ab^e\ 
.14. Divide 128aVy^ by 16ary*. Ans. Bc^tjfif. 

15. Divide \Z2hd^p by 2d*/. Afw. 66*4^. 

16. Divide 256a*&9c8^ by 16a36c«. Ans. IQah^c^d'. 

17. Divide 200a®»i2n2 by ^Oa^mn. Ans. 4amn. 

18. Divide SOOx^y^z^ by GOary^jy. Afw. 5x^y^z. 

19. Divide 27 a^b^c^ by 9a5c. ^iw. 3a*ic. 

20. Divide Sia^t^s^ by 32ay«^''. An^. 2a2yjy. 

21. Divide 88tf«i«c« by lla^Mc*. Ans. 8a^b^c\ 

43. It follows from the preceding rule, that the division 
of monomials will be impossible, 

Ist. When the coefficients are not divisible by each other. 

2nd. When the exponent of the same letter 'is greater 
in the divisor than in the dividend. 

3td. When the divisor contains one or more letters which 
are not found in the dividend. 

When either of these three cases occurs, the quotient re- 
mains under the form of a monomial fraction ; that is, a 
monomial expression, necessarily containing the algebraic 
sign of division, but which may frequently be reduced. 

Take, for example, I2a:^b^cdj to be divided by 8a^b(^y 
which is placed under the form 

I2a^b^cd 
Sa^bc^ ' 

Quest.— 43. What is the first case named in which the division of 
monomials will not be exact 1 What is the second 1 What is the third ? 
[f either of these cases occur, can the exact division be made 1 Under 
what form will the quotient then remain 1 May. this fraction be often 
rednced to a simpler form ! 
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this may be reduced by dividing the numerator and denomi- 
nator by Ihe common factors 4, a^, b, and c, which gives 

I2a^b^cd Sa^bd 



8aHc^ 2c ^ 

44. Hence, for the reduction of a monomial fraction we 
have the following 

RULE. 

I. Suppress the greatest factor common to the two co- 
efficients, 

II. Subtract the less of the two exponents of the same letter 
from the greater, and write the letter affected with this differ- 
ence in that term of the fraction corresponding with the greatest 
exponent. 

III. Write those letters which are not common, with their 
respective eocponents, in the term of the fraction which contains 
them. 

From this new rule, we find, 

(1) (2) 

48o36««P 4«P ^ 37alfi(fid 37J«c 

— - • ajrid. — ^-^— ^— — 

36a^^c^de~' 3bce * 6a^b c^d^ 



(3) (4) 

, 7aH 1 , 4o2ft2 

1*0 — ., . oio — = ^ , « and r—rr = 

I4a^^ 2ab 6aM 

5. Divide 4902^2^6 by Ua^bi^. 

6. Divide 6amn by 3abc. 

7. Divide l%a%^mn^ by I2ct^b^cd. Ans. ^T''' . . 

Quest.— 44. Give the rule for the reduction of a monomial fractioii. 



6aH 


* 


2a 




3&2 • 




Ans. 


7bc^ 
2a 


Ans, 


2mn 
be 


Ans, - 


3mn2 
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a Divide 28a^Ific'^eP by leab^ccTm. Ans, -r^r — . 

9. Divide 72a^c^^ by 12aVW. Ans. ^ 



10. Divide lOOcfib^xmn by 25a3M. Ans, 



Atfibxmn 

5"" • 



11. Divide 960*58^9^^ by 75a^cx^. Ans. ?5?!*W 

12. Divide 85mhiYx^f by 15am*n/ Aiw. 1^!^, 

127 

13. Divide 127(i3a;2y3 by 16J*ar*y*. j4nj. 



45. If we bave an expression of the form 

a a^ a^ a* o^ ^ 

— , or — , or -r-, or — , or — , &c, 
a a^ a^ a* a® 

and apply the rule for the exponents, we shall have 

But since any quantity divided by itself is equal to 1, it 
follows that 

a a** 

or finally, if we designate the general exponent by m, we 
have 

a"* 

Aat is, any power of which the exponent is is equal to 1. 



Quest. — 46. What is oo equal to ? What is fto equal to ? What is 
the power of any number equal to, when the exponent of the power is ? 

5 
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2. Divide Ga^iVJ by 2a^}^d. 



3. Divide Sa^iVd^ by 4a2^V<P. Aiw. 2fl2. 

4. Divide 16a6&8j9 by Sa^^sd. An*. 2d». 

5. Divide Z2m^n^oi^y^ by Amhi^xy, Ans. Say. 

6. Divide QGa^i^dSc^ by 24a*6VV. A«j. 4*^3. 

SIGNS IN DIVISION. 

46. The object of division, is to find a third quantity 
called the qix)tient, which, multiplied by the divisor, shall 
produce the dividend. 

Since, in multiplication, the product of two terms having 
the same sign is affected with the sign +> ^^nd the product 
of two terms having contrary signs is affected with the 
sign — , we may conclude, 

1st. That when the term of the dividend has the sign +, 
and that of the divisor the sign of +> ^^ ^^nn of the quo- 
tient must have the sign +. 

2nd. When the term of the dividend has the sign -|-) stnd 
that of the divisor the sign —, the term of the quotient 
must have the sign — , because it is only the sign — , 
which, multiplied with the sign — •, can produce the sign + 
of the dividend. 



Quest. — 46. What will the quotient, multiplied by the divisor, be 
equal to ? If the multiplicand and multiplier have like signs, what will 
bo the sign of the product? If thej have contrary signs, what will be 
the sign of the product? When t^jpl im of the dividend and the term 
of the divisor have the same sign, what will be the sign of the quotient 7 
When they have different signs, what will be the sign of the quotient ? 
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3rd. When the term of the dividend has the sign -*, and 
that of the divisor the sign +» the quotient must have the 
sign — . Again we say for brevity, that, 

-f divided by +, and — divided by — , give +; 
— divided by +, and + divided by — , give — . 

eIumples. 

1. Divide 4ax by —2a. Ans, — 2«. 
Here it is plain that the answer must be —2a; ; for, 

—2a X — 2x = + 4aa?, the divisor 

2. Divide Z^c^a^ by — 12a2a?. Ans. Sax. 

3. Divide —dSaH^c^cP by 29a^^c. Ans. — 2aAccP. 

4. Divide -^QAa^b^cP by '-42a^Pd. Ans. 2d^b^cP. 

5. Divide 64c*<iV by I6c*dx. Ans. 4d%2. 

6. Divide -88Ma?5y« by -24^c(«a». Ans. +^5^. 

7. Divide 77a*y3;8* by -llay^s*. Ans. ^7. 

8. Divide 84a*62c2rf by -42a*52c2i. Ans. —2. 

9. Divide -60a''iV(f by -12a8iV(/2. An*. +5^. 

•^ abed 

10. Divide — 88a6*V by 8a*^c». Ans. —Haft. 

11. Divide I6a;2 by —805. Aiw. —2a?. 

12. Divide — ISa^aiy^ by 3ay. Ans. —baocy^. 

13. Divide — 84aft3a? by -12ft». A»*. 7aftaf. 

14. Divide -OSo^ftV by 12a3ftc. Aiw. Sahc\ 

15. Divide — 144a»ftVrf* by — 36a*ft«c«i. Aiw. ^c^W'ciK 

16. Divide 256a3ftc2a:8 by — 16aVa;2. An*. — IGoftca:. 

17. Divide — SOOa^ft^cSj^^ by 30a*i3c2a;. Ans. — lOaftca;. 

18. Divide 500a8ft«c6 by -100a''ftV. An*. -Saftc^. 



44 ELEMENTARY ALG£BRA. 

19. Diride — 64a»A»c' by ~8a*^V. Ans. Babe. 

20. Divide +96a»^<i» by — 24a*5arf. Ans. —Aah^dP. 

21. Divide 720**3^^4 by ^8a*^i. Aiw. — QaW^. 

Division of Polynomials, 

FIRST EXAMPLE. 

47. Divide €?^2ax+a? by a— «, 

[t is found most convenient, Dividend, Divisor. 

in division in algebra, to place a^~-2ax+x^ \a-'X 

the divisor on the right of the g^— ax <v— « 

dividend, and the quotient di- -^ ax+x'^ Quotient. 

rectly under the divisor. — ax+x^ 

We first divide the term a^ of the dividend by the term a 
of the divisor : the partial quotient is a, which we place 
under the divisor. We then multiply the divisor by a, and 
subtract the product a^^ax from the dividend, and to the 
remainder bring down a^. We then divide the first term of 
the remainder, —ax by a, the quotient is — x. We then 
multiply the divisor by — «, and, subtracting as before, we 
find nothing remains. Hence, a-^x is the exact quotient. 

In this example, toe have written the terms of the dividend 
and divisor in such a manner that the exponents of the same 
letter shall go on diminishing from left to right. This is 
what is called arranging the dividend and divisor with 
reference to a certain letter. By this preparation, the first 
term on the left of the dividend, and the first on the left of 
the divisor, are always the two which must be divided by 
each other in order to obtain a term of the quotient. 



QuBBT.-— 47. What do you undeistandby ananging apolyxuxnial with 
reference to a particular letter ? 
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48. Hence, for the division of polynomials we have the 
following 

RULE. 

I. Arrange the dividend and divisor toiih reference to a cet' 
tain letter y and then . divide the first term on the left of the 
dividend by the first term on the left of the divisor j the restdt 
is the first term of the quotient ; multiply the divisor by this 
term, and subtract the product from the dividend, 

II. Then divide the first term of the remainder by the first 
term of the divisor, which gives the second term of the quotient ; 
multiply the divisor by the second term, and subtract the pro- 
duct from the result of the first operation. Continue the same 
process until you obtain for a remainder ; in which case the 
division is said to be exact, 

SECOND EXAMPLE. 

Let it be required to divide 
51o2i24.i0a4-48a3i-15i*+4a53 by 4ai-5a2+3R 

We here arrange with reference to a. 

Dividend. Divisor, 

lOo*— 48a35+51a2i2+ Aab^-^\^b^ 



-5a2+4«6+3&2 



— 40o36+57a2&2+ 4aJ3— 15*4 
— AOa^b + 32g2^g + 24g53 

2502^2 __20ai3— 156* 
25a2^>2__20a63— 156* 



Quotient, 



QuBBT.— 48. Give the general rule for the diyision of pol3moinials 1 

If the first term of the arranged dividend is not divisible by the first term 

of the arranged divisor, is the exact division possible 1 If the first term 

of any partial dividend is not divisible by the first term of the divisor, is 

the exact division possible ? 

5* 
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Remark. — ^When the first term of the arranged dividend 
is not exactly divisible by that of the arranged divisor, the 
complete division is impossible ; that is to say, there is not 
a polynomial which, multiplied by the divisor, will produce 
the dividend. And in general, we shall find that a division 
is impossible, when the first term of one of the partial 
dividends is not divisible by the first term of the divisor. 

GENERAL EXAMPLES. 

1. Divide 18a^ by 9a?. Ans. 2x. 

2. Divide 10*2^2 by —da^y. Ans. — 2y. 

3. Divide —9(Mpy^ by 9a^y. Ans. —ay. 

4. Divide — Sir^ ^y —2a?. Ans. +4x. 

5. Divide l^db+Xfiac by 5a. Ans. 2&+3c. 

6. Divide 30aa?— 54aj by ^x. Ans. 5a— 9. 

7. Divide lOa?^— 15y*— 5y by 5y. Ans. 2x^ — 3y— 1. 

8. Divide 12a+3aa?— 18aa?2 by 3a. Ans. 4+a?— Goc^^ 

9. Divide Qaa^+9o?x+c?x^ by ax. Ans. 6a: + 9a + ax. 

10. Divide a^+2ax+x^ by a+x. Ans. a+x. 

11. Divide a^— 3a*y+3ay2— y^ by a— y. 

Ans. cfi — 2ay4-y'. 

12. Divide 24a2i— 12a3cft2— 6a5 by — 6a&. 

Ans. — 4a+2a2ci+l. 

13. Divide 6a?*— 96 by 3a?— 6. Ans. 2a?3+4a?2+8a;+16. 

14. Divide . . . a«— 5a*«4-l0a3a?2— 10aV+5aa?*— a?* 
by a2— 2aa?+a?2. Ans. a^— 3a2a?+3aa?2— ar^. 

15. Divide 48a?3— 76aa?»— 64a3ar+105aS by 2a? -3a. 

Ans. 24a?2~2ax— 35a2. 
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16. Divide y®— 3y*a:2+3yV— a« by y^— 3y2a;+3yaj3— «3. 

Ans. y^+Sy^x+Sya^+x^. 

17. Divide 64a*5«--25a2^ by Sa^b^+5ab^. 

Ans. Sa^P-'bahK 

18. Divide 6a^+23a^b+22al^+5b^ by 3a»+4a^+R 

Ans. 2a+5b. 

19. Divide 6ar*+6aa?2y®+42a2ap2 by ax+5(ix. 

Ans. aD^+xy^+7<ix. 

20. Divide . . — 15a*+37a2W— 29aV-2053(P+44*ccy 
cy» by Sa^-^dbd+cf. Ans. -5a2+4W-8c/. 

21. Divide ar*+a;2y2+y* by a^^ay+y^. 

An*, a^+ay+y^. 

22. Divide a*— y* by x^y. Ans. a^+a^y+xy^+y^. 

23. Divide 3a^'-'Sa^b^+3a^c^+5b^'^3b^c^ by a^— R 

An*. 3a3— 5&2+3c2. 

24. Divide . . 6a«-^6a«y2— 6a*y*+6ay+15a3y3--9aV 

+10ay+15y« by 3a3+2a2y2+3y3. 

Ans. 2a3— 3a2y2+5y3. 

25. Divide . — c3+16tf2«3_7^c— 4a2fta--6a352+6aca 
by Sax— Sab— c» Ans. 2ax+ab+c. 

26. Divide .... 3a*+4a3y— 4a2--4a2y3-(_i6jpy— 15 
by 2ay+a2— 3. Ans. 3x^—2xy+5. 

27. Divide a»+32y» by a+2y. 

Ans. a*— 2a3y+4a2y2— 8ay^+16y*. 

28. Divide 3a^-26a^—Uab^+37a^b^ by 2^--5a6 
4-3a2. An*. a^—7ab» 
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CHAPTER II. 

Algebraic Fractions. 

49. Algebraic fractions shoidd be considered in the same 
point of view as arithmetical fractions, such as f, ^ ; that 
is, we must conceive that the unit has been divided into as 
many equal parts as there are units in the denominator, and 
that one of these parts is taken as many times as there are 
units in the numerator. Hence, addition, subtraction, mul- 
tiplication, and division, are performed according to the rules 
established for arithmetical fractions. 

It will not, therefore, be necessary to demonstrate those 
rules, and in their application we must follow the procedures 
indicated for the calculus of entire algebraic quantities. 

50. Every quantity which is not expressed under a 
fractional form is called an entire algebraic quantity. 

51. An algebraic expression, composed partly of an 
entire quantity and partly of a fraction, is called a miieed 
quantity. 



QuKST.-— 49. How are algebraic firactioDs to be considered t What 
does the denominator show ? What does the numerator show 7 How 
then are the operations in fractions to be performed 1 60. What is an 
entire quantity 1 61. What is a mixed quantity? 
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CASE I. 

To reduce a fraction to its simplest terms. 

52. The rale for reducing a monomial fraction to its low- 
est terms has already been given (Art. 44). 

With respect to polynomial fractions, the following are 
cases which are easily reduced. 

1. Take, for example, the expression 



a3— 2ad+ia* 

This fraction can take the form 

(a+b) (a^b) 



(a-i)3 ' 

(Art. 39 and 40). Suppressing the factor a— &, which 
is common to the two terms, we obtain 

a+b 
2. Again, take the expression 

Sa^-'SaH ' 
This expression can be decomposed thus : 

5a(a2-2aft+i2) 



or. 



8a2(a-&) 

5g(a— 5)3 
Sa^{a-by 



QuctT.^-62. How do yoa reduce a fraction to its aimplett terms 1 



60 
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Suppressing the common factors a{a—b), the result is 

8a ' 

Hence, to reduce any fraction to its simplest terms, toe sup^ 
press or cancel every factor common to the numerator and 
denominator. 

Note. — Find the factors of the numerator and denomina- 
tor as explained in (Art. 41). 



1. Reduce 



2. Reduce 



3. Reduce 



4. Reduce 



5. Reduce 



6. Reduce 



7. Reduce 



EXAMPLES. 



3a^+ea^b^ 
12a*+6aV 



to its simplest terms. 



Ans. 



15€fie+25€fid 
25a*+30a» 



1 +2^ 
4a3+2aca- 



to its simplest terms. 



Ans, 



3a^e+5a'^d 






i2c^d^p 



11 



to its simplest terms. 



Ans. 



to its simplest terms. 



Ans. 



17 
3c7 



5g 
d^f^' 



27g*&^^81g ftg 
63a i«— 36a2**' 



Ans. 



3a3—9fta 
7i2—4a 



dea^b'^c 
__..o 3L2 ^ i*s simplest terms. Ans. —8. 



2Ab^-^36ab^ 
48a*^-66aW 



Ans. 



45->6a 
8a*— llo*^' 
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CASE II. 

53. To reduce a mixed quantity to the form of a fraction. 

RULE. 

Multtply the entire part hy the denominator of the fraction ; 
then connect this product with the terms of the numerdtor hy 
the rules for addition^ and under the resuU place the given 
denominator, 

EXAMPLES. 

1. Reduce 6^ to the form of a fraction 

43 
6x7=42: 42+1=43: hence, 6|=— -. 

2. Reduce x — ^ ^ to the form of a fraction. 

a^ — x^ x^ — (a^ — x^) 2*2 — a^ 
a? = ^ '= . Ans. 

XXX 
€tX~^X 

3. Reduce x to the form of a fraction. 

2a 

. ax—a^ 

Ans, — . 

2a 

2x 7 

4. Reduce 6 A :; to the form of a fraction. 

3x 

17a?-7 

Ans, — ^r . 

3a; 

tir'**~0''~ 1 

5. Reduce 1 to the form of a fraction. 

a 

. 2a—x+\ 
Ans, , 



QiTEST. — 53. How do you reduce a mixed iquantity to the form of • 
fractiou 1 
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X 3 

6. Reduce \+2x — to the form of a fraction. 

Oil> 

Ans. — 



5x 

3c4-4 

7. Reduce 2a+b — to the form of a fraction. 

l6a+8b-^3c—4 

Ans. 2 • 

o 

8. Reduce 6ax+b : to the form of a fraction. 

4a 

I8a^x+5ah 

Ans, : . 

4a 

9. Reduce S+3ab tttt^ — to the form of a frac- 

I2abx*' 

96a5a:*+30a252a?*— 8 
^""- ^'^^ I2ab^ • 

10. Reduce 9-| rr — to the form of a fraction. 

a— 0* 

9a-652_8c4 

Ans. 1^ . 

CASE III. 

54. To reduce a fraction to an entire or mixed quantity. 



RULE. 

Divide the numerator by the denominator for the entire part, 
and place the remainder, if any, over the denominator for the 
fractional part. 



Quest. — 54. How do you reduce a fraction to an entire or mixed 
qoantity 1 
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EXAVPLBS. 



, „ - 8966 ^ 

1. Reduce to an entire number. 

8)8966( 



1120 . . . 6 rem. 

Hence, 1120f=: Ans. 



2. Reduce to a mixed quantity. 



Ans. a- 



a^ 



X 



3. Reduce to an entire or mixed quantity. 



Ans, a—x. 



a5-— 2a2 
4. Reduce r to a mixed quantity. 



2a^ 
Ans. a— 



b • 

5. Reduce to an entire quantity. Ans. a+x. 

{I— a? 

6. Reduce — to an entire quantity. 

x — y 

Ans. a^4-«y+y*' 
7 Reduce r to a mixed quantity. 

Ans. 2ap— 14 



« , 36a^—72x+32a^x^ . ' . 

8. Reduce ^ to a mixed quantity. 

\fX 

32a^x 
Ans. 4x^-S-\ — . 
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CASB IV. 

55. To reduce fractions having different denomiiiatoiB 
to equivalent fractions having a common denominator. 

RITLE. 

Multiply each numerator into all the denominators except its 
own, for the new numerators^ and all the denominators together 
for a common denominator. 

EXAMPLES. 

1. Reduce ^, i, and f , to a common denominator. 

1x3x5=15 the new numerator of the 1st. 
7x2x5=70 „ „ „ 2nd. 

4x3x2=24 „ „ „ 3rd. 

and 2x3x5=30 the common denominator. 

Therefore, J^, f^, and |^, are the equivalent fractions. 

Note. — It is plain that this reduction does not alter the 
values of the several fractions, since the numerator and 
denominator of each are multiplied by the same number. 

a h 

2. Reduce -7- and — to equivalent fractions having 

a common denominator. 

f ,""^ > the new numerators, 
and hxe=bc the common denominator. 

QutsT. — 55. How do you reduce fractioni to a common denominaior 9 
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Hence, ^ and -=-- ^^ ^® equiyalent fractions. 

3. Reduce ^ and ^ to fractions having a com- 

mon denominator. Ans. -r— and — z . 

be be 

4. Reduce — , — , and d, to fractions having a 

- . ^ . 9cx 4ab - 6acd 

conunon denominator. Ans, -r — , -^ — , and -; — . 

oae oae oac 

3 2« 2x 

5. Reduce — , — , and a-| , to firactions having 

a common denominator. 

9a Sax , 12a^+24x 

Ans, -r^:^ — , -rr — • and 



12a' 12a* 12a 

1 afl a^+a^ 

6. Reduce •—, -^, and — ; , to fractions 

2 3 a+« 

having a common denominator. 

3a+3a? 2a^+2a^g , ea^+6x* 

6a+6x' 6a +6* ' 6a +6x * 

« n J a 6a« - a2— iB^ 

7. Reduce ^rr, — = — • and — -z — to a common 

3*' be ' d 

denominator. 

5acJ ISabdx , 15a*5c— ISftca* 

Ans. . ,, , , , ,, , , and 



I5bcd ' I5bcd ' 15icd 

_. , c a — h , c J 

8. Reduce --, , and . . , to a common de- 

5a e a+o 

nominator. 

Ans. , » . , , — , . „ . ^ , — , and 



b€t^e+babc ' ba^c+5abc ' Sa^c+Saftc * 
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CASE V. 

66. To add fractional quantities together. 

RULE. 

Reduce the fractums, if necessary , to a common denormna^ 
tor; then add the numerators together ^ and place their sum 
over the common denominator, 

EXAMPLES. 

1. Add f, f, and | together. 

By reducing to a common denominator, we hare 

6x3x5=90 1st numerator. 

4 X 2 X 5 = 40 2nd numerator. 

2x3x2=12 3rd numerator. 

2x3 X 5=30 the denominator. 

Hence, the fractions become 

90 40 12 _ 142 



30 ' 30 ' 30 30 ' 

which, by reducing to the lowest terms become 4}^. 

a c e 

2. Find the sum of -^, -j-, and -7^ 

b a J 

Here axdxf=adf \ 

cxhx f=cbf > the new numerators. 

exbxdz=ebd ) 
And hxdxf^^hdf the common denominator. 

<i^f , cbf . ehd adf+ebf+ebd . 
Hence, -^+^+--==.^L^ the sum. 



QuBBT.— 66. How do jou add fractioxu. 
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3. To a— ^ add b+~ 



J. , , . 2abx — Zcx^ 

Ans. a+b-\ . 

oc 

4- Add Y> Y ^^ T ^^^^^^' -^^^ *+l^* 

5. Add ^ and ^ together. Ans. l^^. 

6. Add x+^ to 3x+^. Ans. 4*+^^^. 

7. It is required to add 4a:, -^^, and ^i^ together. 



2<ix 



8. It is required to add -^^ -^, and ?^ii together. 

o 4 o 

49aj+i2 
Ans. 2x-\ ^ — . 

7iE X 

9. It is required to add 4a?, — , and 2+— together. 

' 44a?+90 

Aiw. 4a: H . 

45 

10. It is required to add 3a?+— and x together. 

23a: 

Ans, 3a:4 



45 



11. Required the sum of oc— -- and 1 



8a <i' 

8fl^c^--6W+ 8a(?— 8oc 

8a(; 
6* 
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CASE VI. 

57. To subtract one fractional quantity from another. 

RULE. 

I. Reduce the fractions to a common denominator. 

II . Subtract the numerator of the fraction to be subtracted 
from the numerator of the other fraction^ and place the dif 
ference over the common denominator. 

EXAMPLES. 

3 2 

1. What is the difference between -—• and -x^. 

7 8 

3 2 24 14 10 5 ^ 

•=rrr=r^. AnS. 



7 8 56 56 56 28 

2. Find the difference of the fractions ^- and — - — . 

2b 3c 

u^*« (*— o)x3c=z3cx—3ac ) ^^ 
"®'®» /« ^ V «i ^ » «. ^ the numerators 
{2a—4x)x2b=^4ab-'Sbx > 

And, 25 X 3c =6^ the common denominator. 

„ 3ca?— 3ac 4ab—8bx 3cx—3ac—4ab+8bx . 
"*''*'*' —6fc 63r-= 66^ • ^• 

3. Required the difference of 1|? and |. Ans. -^. 

4. Required the difference of 5y and -^.. Ans. — —-. 

5. Required the difference of -— - and -rr* Ans. — r:r-. 

^ 7 9 63 



Quest. — 67. How do you subtract fractions 7 
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6. Reqtiired the difference between - and -=-. 

a 

. dx+ad—bc 
Ans, — 



Required 



bd 
3x+a , 2a:+7 



24a?+8<i— lOfta?— 356 
^' 465 ' 



8. Required the difference of 3*+-^ and x 



Ans. 2x+ 



e 

cx-^-bx-^ab 



be • 

CASE VII. 

58. To multiply fractional quantities together. 

RULE. 

If the quantities to be multiplied are mixed, reduce them to 
a fractional form ; then multiply the numerators together for 
a numerator and the denominators together for a denominator. 

EXAMPLES. 

1. Multiply i. of y by 8J. 

Operation, 

We first reduce the com- 1 f ^ _ 3 

pound fraction to the sim- 6 7 '"42' 

pie one -^^ and then the 25 

mixed number to the equiva- ^~"T' 
lent fraction ^ ; after 

which, we multiply the Hence, — x— =— -= 
numerators and denomina- 



42 3 "~ 126 42' 

tors together. ^^^ ^ 

42 
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2. Multiply a-\ — by -t-. First, a'\ = — ■ . 

ad a a 

-- a^+hx c c^c-^-hcx . 

Hence, . X-r= 1 — • -Ans, 

a d ad 

3. Required the product of -— and -=-• -Ans, ■ , -. 

o o 06 

^x 3ie^ 

4. Required the product of — and 



5 2a 



5a 



5. Find the continued product of — . and -—=-. 

Ans. 9a«. 

I 6. It is required to find the product of 6-| — and — . 

a X 

. ab+bx 
Ans. . 



X 



7. Required iHie product of — r — and 



be b+c 



Ans. 



b^c+bc^' 



iB^~ 1 X 1 

8. Required the product of «H — ^^—, sftid — -v-. 

aa* — flaj+a:^ — 1 
a^+ab 

CUD (J^-^O!^ 

9. Required the product of a-{ by — ; — r-. 

fl— ap X +ar 



Ans. 



ax+aa^ — x^ — x^' 



Qvs8T.^-58. How do ]roQ multiply fractioiis together? 
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CASE vni. 
59. To divide one fractional quantity by another. 

RULE. 

Reduce the mixed quantities, if there are any, to a fractional 
form; then invert the terms of the divisor^ and muUipiy the 
fractions together as in the last case. 

EXAHPLE8. 

1. Divide. . . • TTT "7 "^* 

z^ o 

If the divisor were 5, the Operation, 

quotient would be ^l^. But, ^— *> 1 

since the divisor is |- of 5, 8 ~~ 8 

the true quotient must be 8 ^^ • «i^ ^^ 

times T^^, for the eighth of 24*^ ~" 120 

a number will be contained 10 80 2 

in the dividend 8 times more 120 "" 120 ~" 3 * 

than the number itself. In 

this operation we have actually multiplied the numerator 
of the dividend by 8 and the denominator by 5 ; that is, we 
have inverted the terms of the divisor and multiplied the fractions 
together, 

h "f 

2. Divide . . a— r- by — . 

^c ^ g 

^"^2c"" 2c • 

Hence, a-— ~^= ^''^"" X^= ^^Z ^ . Ans. 
2c g 2c f 2cf 



QvKST. — 59. How do you divide one fraction by another 1 
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7« 12 91« 

3. Let -— be divided by 77-. Ans. -xr-- 

5 lo oU 

4. Let — — - be divided by 5ap. Ans, — . 

5. Let ^i- be divided by -tt. -Aiw. -7 — 

6. Let r be divided by -;;-. -An*. -. 

ac— 1 2 a— 1 

7. Let -^7- be divided by ^rr. Ans. -- — 

8. Let -^^ be divided by --nr. Ans, , - > 

X 

10. Divide 6a« + -|- by c"-^- 

60a2+2ft 



^n^. 



11. Divide lSc^^x + -^ by a^~- 



10c2— 5a?+5a 



90&c2— 55ar+5g 



12. Divide 20aj2— ^ by a?^-^. 



20d<^fx^Sahf 
dcYoo^-'dc^b-\-dc*' 
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CHAPTER III. 

Of Equations of the First Degree, 

60. An Equation is the expression of two equal quanti- 
ties with the sign of equality placed between them. Thus, 
xzzza+h is an equation, in which x is equal to the sum of 
a and b. 

6 1 . By the definition, every equation is composed of two 
parts, separated from each other by the sign =. The part 
on the left of the sign, is called the first member ; and the 
part on the right, is called the second memJber, Each mem- 
ber may be composed of one or more terms. Thus, in the 
equation «=a+6, x is the first member, and a+h the 
second. 

62. Every equation may be regarded as the enunciation, 
in algebraic language, of a particular question. Thus, the 
equation x+x=zZO^ is the algebraic enunciation of the 
following question : 



Quest. — 60. What is an equation 1 61. Of how'knanj parts is evexy 
equation composed 1 How are the parts separated from each other t 
What is thjB part on the left called \ What is the part on the right called 1 
May each member be composed of one or more terms 1 In the equation 
x=a+ ft, which is the first member? Which the second 7 How many 
terms m the first member 7 How many in the second? 
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To find a number which being added to itself, shall give a 
sum equal to 30. 

Were it required to solve this question, we should first 
express it in algebraic language, which would give the 
equation 

ff+ff=30. 

By adding x to itself, we have 

2a?=30. 

And by dividing by 2, we obtain 

«=15, 

Hence we see that the solution of a question by algebra 
consists of two distinct parts. 

Ist. To express algebraically the relation between the known 
and unknown quantities. 

2nd. To find a value for the unknoum quantity, in terms. of 
those which are known. 

This latter part is called the solution of the equation. 

The given or known parts of a question, are represented 
either by numbers or by the first letters of the alphabet, 
a, 5, c, &c. The unknown or required parts are repre- 
sented by the final letters, a;, y, z^ Sio, 

EZAMPLB. 

Find a number which, being added to twice itself, the 
sum shall be equal to 24. 



QuBST. — 62. How may you lepiA eyetij equation 1 What question 
does the equation z+a:=30 state 1 Of how many parts does the solu- 
tion of a question by algebra consist 1 Name them. What is the 2nd 
part called 1 By what are the known parts of a question represented? 
^y what are the unknown parts represented 7 
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Statement. 
Let X represent tbe number. We shall then have 

a;+2a!=24. 
This is the statement. 

SoluHon. 

Having .... «+2je=24, 

we add ..... x+2xj 
which gives . . . 3x=24 ; 

and dividing by 3, . x=B, 

63. An equation is said to be verified when the answer 
found, being substituted for the unknown quantity, proves 
the two members of the equation to be equal to each other. 

Thus, in the last equation we found xz=zS, If we substi- 
tute this value for x in the equation 

a;+2d;=:24, 

we shall have 8+2x8=8+16=24. 

which proves that 8 is the true answer. 

64. An equation involving only the first power of the 
unknown quantity, is called an equation of the first degree. 

Thus, 6a?+3aj— 5=13, 

and ax+bx+c=d^ 

are equations of the first degree. 

By considering the nature of an equation, we perceive 
that it must possess the three following properties : 

- 

QxrssT.— ^3. M^n is an equation said to be verified ? 64. When 
an equation involves only tbe first power of the ui^uiown quantity, what 
is it called 7 What are the three properties of every equation ? 

7 
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Ist. The two members are composed of quantities of the 
same kind : that is, dollars = dollars, pomids=pomids, &c. 
2nd. ' The two members are equal to each other. 
3rd. The two members must have the same sign. 

65. An axiom is a self-evident truth. We may here 
state the following. 

1. If equal quantities be added to both members of an equa- 
tian, the equality of the members vnll not be destroyed, 

2. If equal quantities be subtracted from both members of 
an equation^ the equality wiU not be destroyed. 

3. If both members of an equation be multiplied by the same 
number, the equality will not be destroyed, 

4. If both members of an equation be divided by the same 
number i the equality will not be destroyed. 

Transformation of Equations. 

66. The transformation of an equation consists in chang- 
ing its form without affecting the equality of its members. 

The following transformations are of continual use in the 
resolution of equations. 

First Transformation, 

67. When some of the terms of an equation are frac- 
tional, to reduce the equation to one in which the terms shall 
be entire. 

I. Take the equation 

2a? 3 ar 



Quest. — 66. What is an axiom 1 Name the foxir axioms. 66. What 
is the transformation of an equation ? 67. What is the first transforma- 
tion ? What is the least common multiple of several numbers ? How 
do yon find the least conmion multiple 1: 
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First, reduce all the fractions to the same denominator, 
by the known rule ; the equation then becomes 

48a; 54ag 12x 

"72 W^ 72 ■" • 

and since we can multiply both members by the same nmn- 
ber without destroying the equality, we will multiply them 
by 72, which is the iame as suppressing the denominator 
72, in the fractional terms, and multiplying the entire term 
by 72 ; the equation then becomes 

48a?— 54a?+12j:=792, 
or dividing by 6 8a?— 9a?+ 2a?=:132. 

But this last equation can be obtained in a shorter way, by 
finding the least common multiple of the denominators. 

The least common multiple of several numbers is the 
least number which they will separately divide without a 
remainder. When the numbers are small, it may at once 
be determined by inspection. The manner of finding the 
least common multiple is fully shown in Arithmetic § 87. 

Take for example, the last equation 

2aj 3 . a? ,, 

We see that 12 is the least common multiple o( the deno- 
minators, and if we multiply all the terms of the equation 
by 12, and divide by the denominators, we obtain 

8a?— 9.T+2a?=132. 

the same equation as before found. 



69 
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68. Hence, to make the denominators disappear from 
equation, we have the following 



RULE. 



I. Find the least eammon muUiple of aU the denominatars, 

II. Multiply each of the entire terms by this multiple^ and 
each of the fractional terms hy the quotient of this multiple 
divided hy the denominator of the term thus multiplied, and 
omit the denominators of the fractional terms » 



EZAHPLES. 



SB St 

1. Clear the equation of -^+-= — 4=3 of its denomi 



nators. 



5 ■ 7 

Ans. 7ap+5ap— 140=105. 



2. Clear the equation -^4 



nators. 



^ , — =:8 of its denomi- 
6 9 27 wciivuu 

Ans. 9a?+6ir--2ap=432. 



HM HB ^9 0^ 

3. Clear the equation —+-5 5"+t:7=2^ ^^ ^^ ^®" 

2 o 9 12 
nominators. Ans. 18a?+12«— >4ar+3ff=720. 

4^ fj^ ^^ 

4. Clear the equation -r-+-= — 5-=4 of its denomi- 

7 2 
nators. Ans. 14a;+10a?— 35a;=280. 

St OR S6 

5. Clear the equation -r —+---=15 ofitsdenomi- 

4 
nators Ans. 15«— 13a0+lOa;=9OO, 



QvBBT. — 68. Give the mle for cleaxing aa equation of its dmioini- 
niton. 
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X SB , OS . SB 



6. Clear the equation ___+_+_=12 ofitsde- 

nominators. Ans. 18«— I2a?+d^+8a?=d64. 

a c 

7. Clear the equatioa -r y+f=:g. 



8. In the equation 



d 

Ans. ad-^bc-i-bdfzrbdg. 



ax 2c^x . ^ 4bc^x 5a^ .2c* «, 

— [-4a= ' 1 35, 

b ab a^ b^ a 

the least common multiple of the denominators is c?h^ ; 
hence clearing the fractions, we obtain 

a*5a;— 2a25c2a;+4a*i2=453c2a;— 5a6+2a252c2— 3a353. 



Second Transformation. 

69. When the two members of an equation are entire 
polynomials, to transpose certain terms from one member to 
the other. 

1. Take for example the equation 

5a?— 6=8+2a?. 

If, in the first place we subtract .2x from both members, 
the equality will not be destroyed, and we have 

5a?--6— 2ir=8. 

Whence we see that the term 2a:, which was additiye 
ID the second member becomes subtractive in the first. 



Quest. — 69. What is the seccni4 transfonnatioii ? What do you 
tmdeistand by transposing a tenni Giye the rule for tmnsposing from 

one member to the other. 

7» 
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In the second place, if we add 6 to both membeis, the 
equality will still exist, and we have 

6«— 6— 2ap+6=8+6. 

Or, since —6 and +6 destroy each other, we have 

5aj— 2a?=8+6. 

Hence the teriQ which was subtractive in the first mem- 
ber, passes into the second member with the sign of 
addition. 

2. Again, take the equation 

If we add ex to both members and subtract b from 
them, the equation becomes 

ax-\-b+ex — b:=zd—cs+cx — b. 

or reducing aip+car= J— 5. 

When a term is taken from one member of an equation 
and placed in the other, it is said to be transposed. 

Therefore, for the transposition of the terms, we have the 
following 

RULE. 

Any term of an equation may be transposed from one mem- 
ber to the other by changing its sign. 

TO* We will now apply the preceding principles to the 
resolution of equations. 

1. Take the equation 

4a;— 3=:2x+5. 
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By tnufisposiag tbe teims *-3 and 2«, it becomes 

4«— 2aj=54-3, 
Or, reducing 2a; =8. 

Dividing by 2 af=— =4. 

Verification. 

If now, 4 be substituted in the place of a? in the given 

equation 

4«— 3=:2a:+5, 

it becomes 4 x 4—3=2 x 4+5. 

or, 13=13. 

Hence, the value of or is verified by substituting it for the 
unknown quantity in the given equation. 

2. For a second example, take the equation 

6x Ax 7 13« 



12 3 ""8 6 * 

By making the denominators disappear, we have 

lOa— 32ar--312=21-52j:, 

or, by transposing 

10a;— 32a;+52a?=21 + 312 
by reducing SOa; = 333 

333 111 __, 

a result which may be verified by substituting it for « in the 
given equation. 

8. For a third example let us take the equation 
^3a— a;)(a— ft)+2aa;=4J(a;+a). 
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It is fbrst necessary to perform the mnltiplications indica- 
ted, in order to reduce the two members to two polynomials, 
and thus be able to disengage the unknown quantity x, from 
the known quantities. Having done that, the equation 
becomes, 

3a2 —ax— Sab + hx+2ax =z4hx + 4ab, 

or, by transposing 

— ax+bx'\-2ax — 45a? z=.4ab-i-3ab — 3a*, 

by reducing ax—Zhx z=z7ab—3a\ 

Or, (Art. 41). (a— 3%=7a&— 3a?. 

Dividing both members by a— 35 we find 

7a5— 3o2 



rc= 



a 



-3b 



Hence, in order to resolve an equation of the first degree, 
we have the following general 

RULE. 

I. If there are any denomincUors, cause them to disappear ^ 
and perform, in both members, all the algebraic operations 
iTidicated; we thus obtain an equation the two members of 
which are entire polynomials, 

n. Then transpose all the terms affected with the unknown 
quantity into the first member, and aU the known terms into 
the second member. 

HI. Reduce to a single term all the terms involving x: 
this term will be composed of two factors, one of which wiU be 
X, and the other aU the multipliers of x, connected with their 
respective signs, 

IV. Divide both members by the number or polynomial by 
which the unknown quantity is multiplied. 



Quest. — 70. What is the first step in resolving an equation of the 
first degree 1 What the second 1 What the third ? What the fourth 7 
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BZAMPLSS. 

1. Given 3^—12+24=31 to find a;. Ans. x=3. 

2. Given «+18=:3«— 5 to find x. Ans. «=:11— . 

3. Given 6— 2«+ 10=20— 3a?— 2 to find x. 

Ans. x=2. 

4. Given «+— a+-^=ll to find x. Ans. x=6. 

1 6 

5. Given 2x — jr-a+l=s:5«— 2 to find x. Ans.xz=:—. 

6. Given 34w+— --Sss&e— a to find x. 

6-3a 
Ans. «= 



6a-2i' 



^. a — 3 OP OP— 19 ^ , 

7. Given —zr — h-:r=20 r; — to find x. 



Ans. a?=23-— . 
4 



8. Given —r— 4-7^=4-' — -— to find «. 



«6 
^iw. «=3— -. 

13 



#v ^. * 3« . 4x ^ ^ - 
9. Given — ^+«=-r — 3 to find x. 

4 <o o 



_- ^. Sax 9bx . ^ A_a 

10. Given '— — 4=/ to find x. 

c d -^ 



Ans. ff=4. 



edf-\-4cd 
Ans. «= 



3<wf-25c' 
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11. Giyen — ^ g — =4—5 to find a. 

66+95— 7c 



Ans. x\ 



16a 



12. Given 5 — hir=-o- to find a. 

o o « o 



X X X X t» /• 1 

13. Given =-H "3-=/ to find a?. 

a c a 



bcd—acd+abd—abc * 

Note. — ^What is the numerical valne of a?, when a=l, 
5=2, c=3, d=4, 5=5, and/=6. 

14. Given ^-^-.?^=-12H to find *. 

^iw. ap=14. 

^. 3a?— 5 . 4a?— 2 , , * is j 

15. Given x r^ — I -—=»+! to find a?. 

^fu. ap=6. 



ar . ds 2c 

•=i'Zx — 4d 10 HI 

Ans. 07=60. 



16. Given a;+4-+4— -|-=2a?-43 to find a?. 

4 O D 



^. « 4a?— 2 3a?— 1 ^ ^ , 
17. Given 2x = — = — r — to find x. 



Ans. «=3. 



5a?-— » jm m 

18 Given 3a?H 5 — =a?+a to find a?. 



3a+rf 

^»^- *=-6+r 

-^ ^. aa?— 5 , a hx hx—a ^ , 

19. Given — j '"T~T 3 — *" 

^lu. jr= 



3a-25' 
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20. Find the yalue of ap in the equation 

(g+5)(«-5) 3^^ 4a5~^« 2x1 ^''""^'', 
a— ft a+b b 

a*+3a35+4gg&g-6gy4.2M 
^^- *- 26(2a2+aft-62) 

<y Qu65^'on5 producing Equations of the First Degree 
involving hut a single unknown quantity. 

71. It has already been observed (Art. 62), that the 
solution of a question by algebra consists of two distinct 
parts: 

1st. To express the conditions of the question algebrai- 
cally; and 

2d. To disengage the unknown from the known quantities. 

We hare already explained the manner of finding the 
value of the unknown quantity, after the question has been 
stated ; and it only remains to point out the best methods 
of putting a question in the language of algebra. 

This part of the algebraic solution of a question cannot, 
like the second, be subjected to any well defined rule. 
Sometimes the enunciation of the question furnishes the 
equation immediately ; and sometimes it is necessary to dis- 
cover, from the enunciation, new conditions from which an 
equation may be formed. 

fl 

Quest. — 71. Into how many parts is the resolution of a question in 
algebra divided 1 What is the first stepi What the second? Which 
part has already been explained ? Which part is now to be considered ? 
Can this part be subjected to exact rulos ? Give the general rule for 
stating a question. 
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In almost aU cases, however, we are enabled to discovier 

the equation by applying the following 

RUIiE. 

Consider the problem solved^ and then indicate^ by means 
of algebraic signs, upon the known end unknown quantities, 
the same operations which it would be necessary to perform^ in 
order to verify the unknown quantity, had it been known. 

QUESTIONS. 

1. To find a number to which if 5 be added, the sum will 
be equal to 9. 

Denote the number by x. 
Then by the conditions 

a?+5=:9. 

This is the statement of the question. 
To find the value of x, we transpose 5 to the second 
member, which gives 

«=9— 5=4. 

Verification, 
4+5 = 9. 

2. Find a number such, that the sum of one half, one 
third, and one fourth of it, augmented by 45, shall be equal 
to 448. 

Let the required number be denoted by x. 

Then, one half of it will be denoted by — . 

X 

one third « » ^7 -5*- 

X 

one fourth , „ by — . 
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And by the conditions, 

This is the statement of the question. 
To find the value of or, subtract 45 from both members : 
this gives 

=403. 

By clearing the terms of their denominators, we obtain 

6a?+4«+3a:=4836, 

or 13a? =4836. 

4836 
Hence, »=— — =372. 

Verification, 

372 372 372 

-^;-+— 5-+-— .+45 = 186+124+93-1-45=448. 
«» o 4 

3. What number is that whose third part exceeds its 
fourth by 16. 
Let the required number be represented by x. Then, 

T*= d,« third part. 
---a?= the fourth part 
And by the question 

This is the statement. To find the value of a;, we clear 
the terms of the denominators, which gives 

4a?— 3a;=192. 
and a?=192. 

8 
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Verificajhon, 
192 192 



=64-48=16. 



3 4 

4. Divide $1000 between A, B and C, so that A shall 
have $72 more than B, and C $100 more than A. 

Let x=: B's share of the $1000. 

Then x+ 72= A's share, 

and ap+172= C's share, 

their stun is 3a;+244=$1000. 

This is the statement. 

By transposing 244 we have 

3*= 1000-244=756 

756 
and ,=-^=252= B's share. 

Hence, x+ 72=252+ 72 = $324= A's share. 
And a?+ 172 =252 +172 =$424= C's share. 

Verification. 
252+324+424=1000. 

5. Out of a cask of wine which had leaked away a third 
part, 21 gallons were afterwards drawn, and the cask being 
then ^aged, appeared to be half full: how much did it 
hold? 

Suppose the cask to have held x gallons. 

4 

X 

Then, — what leaked away. 

X 

And — + 21= what had leaked and been drawn 

o 

X 1 

Hence, — + 21=-— « by the question. 
This is the statement. 
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To find X, we hare 

2a?+126=3n?, 
and — X =—126, 

or X = 126, 

by changing the signs of both members, which does not 
destroy their equality. 



Verificaiian. 

126 126 

+ 21=42+21=63=. • 



3 ' ' 2 

6. A fish was caught whose tail weighed 9Z5., his head 
vreighed as much as his tail and half his body, and his body 
vreighed as much as his head and tail together ; what was 
the weight of the fish ? 

Let 2a; = the weight of the body. 

Then, 9+x=z weight of the head ; 

and since the body weighed as much as both head and tail, 

2a;=9+9+a?, 
which is the statement. Then, 

2x— je=sl8 and «=:18. 

Verification, 

2x=z 36/5. = weight of the body. 

9+a:=27/5.= weight of the head. 

9/5. = weight of the tail. 

Hence, 72/5.= weight of the fish. 
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7. The sum of two numbers is 67 and tkeir 
19 : wliat are the two numbers ? 

Let xz= the least number. 

Then, a+19= the greater. 

and by ihe conditions of the question 

2a?+ 19=67. 
This is the statement. 
To find Xy we first transpose 19, which gives. 

2a?=67~19=48; 

48 
hence, a?=— =24, and a?+19=43. 

2 



Verification. 
43+24=67, and 43-24=19. 

Another Solution. 

Let X represent the greater number : 
then, 0?— 19 will represent the least, 

and, 2a?— 19=67, whence 2aj=67+l9; 

therefore, «=— =43, 

and consequently a?— 19=43— 19=24. 

General Solution of this Problem. 

The sum of two numbers is a, their difiference is b. 
What are the two nmnbers ? ' 



* 



EQUATIONS OF THE FIBST DEORBB. 81 

Let « be the least niunber, 

x+h will represent the greater. 
Hence, 2x+b=zaf whence 2je=a— &; 

a—b a h 



therefore, 



xs.- 



and consequently, x+h=z-- — ^■«-+^=-5-+-ft-. 

As the form of these two results is independent of any 
?alue attributed to the letters a and h, it follows that, 

. Knowing the sum and difference of two numbers^ we obtain 
the greater by adding the half difference to the half sum^ and 
the. less, by subtracting the half difference from half the sum. 

Thus, if the given sum were 237, and the difference 99, 

. ^ . 237 . 99 237+99 336 ,^^ 
the greater IS — +_, or ^ — __— 168; 

, . , . 237 99 138 ^^ 

and the least — , or —-—=69. 

2 2' 2 



Verification, 

■ * • • 

168+69=237 and 168-69=99. 

8. A person engaged a workman for 48 days. For 
each day that he laboured he received 24 cents, and for 
each day that he was idle, he paid 12 cents for his board. 
At the end of the 48 days, the account was settled, when 
the labourer received 504 cents. Required the number of 

working days, and the number of days he was idle, 

8* 



8£ EUBMENTART ALGESRA. 

If these two numbers weie known, by miltiplying tkem 
respectiyely by 24 and 12, then subtracting the last prodnct 

from the first, the result would be 504. Let us indicate 
these operations by means of algebraic signs. 

Let ff = the number of working days. 

48— X = the number of idle days. 

Then, 24 xx zz the amount earned, 

and 12(48-^0;)=: the smiount paid for his board. 

Then, 24* — 12(48 -a?) = 504 

what he receired, which is the statement. Then to find x, 
we first multiply by 12, which gives 

24a?— 576+12«=504. 

or, 36a;=504+576=1080, 

1080 ^^ , ,. - 

a?= ' =30 the working days. 

whence, 48— 30=18 the idle days. 

Verification. 

Thirty day's labour, at 24 cents 
a day, amounts to . . . . . . 30x24=720 cents. 

And 18 day's board, at 12 cents 

a day, amounts to 18x12=216 cents. 

The difference is the amount received 504 cents. 

General Solution, 

This question may be made general, by denoting the 
whole number of working and idle days by n. 

The amount received for each day he worked by a. 
The amount paid for his board, for each idle day, by b. 



I 



^ 
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And the balance due the laborer, or the result of the 
accoimt, by c. 

As before, let the nmnber of working days be repre- 
sented by X. 

The number of idle days will be expressed by n^x. 

Hence, what he earns will be expressed by ax. 

And the sum to be deducted, on account of his board, by 
h{n^x). 

The equation of the problem therefore is 

oa— 5(»— «)=«, 

which is the statement. To find x we first multiply by 5, 
which gives 

euD^hn+hxzrzc 
Gtf {a+b)x=zc +lm 

whence, «= — = working days. 

- - e +hn an+lm—-c — bn 

and consequently, n—xssin T-r^= Tt > 

^ "^ a +0 a+b 

an — e .„ . 

or n— 0?= r-r— = idle days. 

a+b ^ 

Let us now suppose n= 48, a=24, &=:12, and c=504. 
These numbers will give for x the same value as before 
found. 

9. A person dying leaves half of his property to his wife, 
one-sixth to each of two daughters, one-tweUli to a servant, 
and the remaining $600 to. the poor : what was the amount 
of his property % 
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Represent the amount of the property by «. 
Then, — = what he left to his wife, 

— = what he left to one daughter, 
6 

and —="1- what he left to both daughters, 

6 3 

— = what he left to his servant. 
12 

$600 to the poor. 
Then, by the conditions of the question 

2^3^12^ 
the amount of the property, which gives a =$7200. 

10. A and B play together at cards. A sets down with 
$84 and B with $48. Each loses and wins in tujm, when 
it appears that A has five times as much as B. How much 
did A vnn? 

Let X represent what A won. 

Then A rose with $84+aj dollars, 

and B rose with $48— a? dollars. 

But by the conditions of the question, we have 

84+a?=5(48— «), 
hence, 84+a5=240— 5a?; 

and, 6x=l56f 

consequently, a; =$26 what A won. 

Verification, 
84+26 = 110; 48-26=22; 
110=5(22)=110 
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11. A can do a piece of work alone in 10 days, B in 13 
days : in what time can they do it if they work together ? 

Denote the time by x, and the work to be done by 1. 

Then in 1 day A could do — of the work, and B could 

1 X 

do — ; and in x days A could do — of the work, and 

X 

B, — : hence, by the conditions of the question 

X X 

10'^13=^' 

which gives 13«+ 10jr=: 130 : 

130 
hence, 23«=:130, 0?= =5tf days. 

12. A fox, pursued by a greyhound, has a start of 60 
leaps. He makes 9 leaps while the greyhound makes but 
6 ; but, three leaps of the greyhound are equivalent to 7 
of the fox. How many leaps must the ^eyhound make to 
overtake the fox ? 

From the enunciation, it is evident that the distance to 
be passed over by the greyhound is composed of ihe 60 
leaps which the fox is in advance, plus the distance that the 
fox passes over from the moment when the greyhound starts 
in pursuit of him. Henice, if we can fipd the expression for 
these two distances, it will be easy to form the equation of 
the problem. 

Let x=z the number of leaps made by the greyhound 
before he overtakes the fox. 

Now, since the fox makes 9 leaps while the greyhound 

9 3 

makes but 6, the fox will make -7- or — leaps while 

o « 
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die greyhound makes 1 ; and, therefore, while the greyhound 

3 
makes x leaps, the fox wiU make —x leaps. 

Hence, the distance which the greyhound must pass over 

3 
will be expressed by 60 +-^^7 leaps of the fox. 

It might be supposed, that in order to obtain the equation, 

3 
it would be sufficient to place x equal to 60+— x; but 

in doing so, a manifest error would be committed ; for the 
leaps of the greyhound are greater than those of the fox, and 
we should then equate numbers of different denominations ; 
that is, numbers referring to different units. Hence it is 
necessary to express the leaps of the fox by means of those 
of the greyhound, or reciprocally. Now, according to the 
enunciation, 3 leaps of the greyhound are equivalent to 7 

leaps of the fox, then 1 leap of the greyhound is equiva- 

7 
lent to — leaps of the fox, and consequently x leaps of 

o 

7x 
the greyhound are equivalent to — of the fox. 

o 

Hence, we have the equation 

7« ^^ . 3 
-3-=60+-.; 

making the denominators disappear 

14a?=360+9a?, 
whence 5x=z360 and a:=72. 

Therefore the greyhound will make 72 leaps to overtake 
the fox, and during this time the fox will make 

3 
72 X— or 108 
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Verification. 
The 72 leaps of the greyhound are equivalent to 

:^=i68 

leaps of the fox. And 

60+108=168, 

the leaps which the fox made from the beginning. 

13. A father leaves his property, amounting to $2520, to 
four sons, A, B, C, and D. C is to have $360, B as much 
as C and D together, and A twice as much as B less 
$1000 : how much does A, B, and D receive ? 

Ans, A $760, B $880, D $520. 

14. An estate of $7500 is to be divided between a widow, 

two sons, and three daughters, so that each son shall receive 

twice as much as each daughter, and the widow herself 

$500 more than all the children : what was her share, and 

what the share of each child ? 

/ Widow's share $4000. 

Ans, } Each son's $1000. 

V £ach daughter's $500. 

15. A company of 180 persons consists of men, women, 
and children. The men are 8 more in number than the 
women, and the children 20 more than the men and women 
together : how many of each sort in the company ? 

Ans. 44 men, 36 women, 100 children. 

16. A father divides $2000 among five sons, so that each 
elder should receive $40 more than his next younger bro- 
ther: what is the share of the youngest? Ans. $320. 

17. A purse of $2850 is to be divided among three per« 
sons, A, B, and C. A's share is to be to B's as 6 to II. 
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and C is to liaye $300 more than A and B together : what 
is each one's share ? ' 

Ans. A's $450, B's $825, C's $1575. 

18. Two pedestrians start from the same point ; the first 
steps twice as far as the second, but the second makes 5 
steps while the first makes but one. At the end of a certain 
time they are 300 feet apart. Now, allowing each of the 
longer paces to be 3 feet, how far will each have travelled? 

Ans. 1st, 200 feet; 2nd, 500. 

19. Two carpenters, 24 journeymen, and 8 apprentices^ 
received at the end of a certain time $144. The carpen- 
ters received $1 per day, each journeyman half a dollar, 
and each apprentice 25 cents : how many days were they 
employed? Ans, 9 days* 

20. A capitalist receives a yearly income of $2940 : four- 
fiiAhs of his money bears an interest of 4 per cent, and the 
remainder at 5 per cent : how much has he at interest ? 

Ans. 70000. 

21. A cistern containing 60 gaUons of water has three 
unequal cocks for discharging it ; the largest will empty it 
in one hour, the second in two hours, and the third in three :• 
in what time will the cistern be emptied if they all run 
together? Ans. 32^^^min. 

22. In a certain orchard ^ are apple trees, \ peach trees, 
^ plum trees, 120 cherry trees, and 80 pear trees : how 
many trees in the orchard ? Ans. 2400. 

23. A fanner being asked how many sheep he had, 
answered that he had them in five fields ; in the 1st he 
had \, in the 2nd -J-, in the 3rd -}•, and in the 4th j^, and in 
the 5th 450 : how many had he ? Ans. 1200. 

24. My horse and saddle together are wordi $132, and 
the horse is worth ten times as much as the saddle : what 
is the value of the horse ? Ans. 120. 
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25. The rent of an estate is this year 8 per cent greater 
than it was last. This year it is $1890 : what was it last 
year? Ans, $1750. 

26. What number is that from which, if 5 be subtracted, 

2 of the remainder will be 40 ? Ans. 65. 

27. A post is |- in the mud, ^ in the water, and 10 feet 
above the water : what is the whole length of the post ? 

Ans, 24 feet, 

28. After paying |- and |- of my money, I had 66 guineas 
left in my purse : how many guineas were in it at first ? 

Ans, 120. 

29. A person was desirous of giving 3 pence apiece to 
some beggars, but found he had not money enough in his 
pocket by 8 pence : he therefore gave them each 2 pence 
and had 3 pence remaining : required the number of beggars. 

Ans, 11. 

30. A person in play lost \ of his money, and then won 

3 shillings ; after which he lost ^ of what he then had ; 
and this done, found that he had but 12 shilHngs remaining : 
what had he at first ? Ans. 20s. 

31. Two persons, A and B, lay out equal sums of money 
in trade ; A gains $126, and B loses $87, and A's money 
is now double Of B's : what did each lay out ? 

Ans. $300. 

32. A person goes to a tavem with a certain sum of mo- 
ney in his pocket, where he spends 2 shillings ; he then 
borrows as much money as he had left, and going to another 
tavern, he there spends 2 shilliags also; then borrowing 
again as much money as was left, he went to a third tavern, 
where likewise he spent two shillings and borrowed as 
much as he had left ; and again spending 2 shiUings at a 
fourth tavern, he then had nothing remaining. What had 
he at fiorst ? Ans. 3s. 9d. 

9 
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Of Equations of the First Degree involving two or 

more unknown quantities. 

7 2. Although several of the questions hitherto' resolved 
contained in their enunciation more than one unknown quan- 
tity, we have resolved them all by employing but one sym- 
bol. The reason of tbis is, that we have been able, from 
the conditions of the enunciation, to express easily the other 
unknown quantities by means of tbis symbol ; but we are 
unable to do this in all problems containing more than one 
unknown quantity. 

To ascertain how problems of this kind are resolved, let 
us take some of those which have been resolved by means 
of one unknown quantity. 

1. Given the sum of two numbers equal to 36 and their 
difference equal to 12, to find the numbers. 

Let x=. the greater, and y= the less number. 

Then, by the 1st condition a?+y=36, 

and by the 2nd, a?~y=12. 

By adding (Art. 65, Ax. 1), .... 2a?=48. 
By subtracting (Art. 65, Ax. 2), . . . 2y=24. 

Each of these equations contains but one unknown quantity 

48 
From the first we obtain ...... «=— '=24, 

« 

24 
And from the second ....... y=— =12. 

2 

Verification, 

a;+y=36 gives 24+12=36. 
ar-.y=12 „ 24-12=12. 
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General Solution. 
Let a;= the greater, and y the less number. 

Then by the conditions a+y=a, 

and X — y=6. 

By adding, (Art. 65, Ax. 1), . . . 2x=a+h. 

By subtracting, (Art. 65, Ax. 2), . . 2y=:a— 5. 

Each of these equations contains but one unknown quantity. 
From the first ,we obtain a?= . 

And from the second ....... y=— r— • 

^ 2 

Venfieation. 

a+h . a—h 2a . a+b a—b 2b , 

— - — — - — =— -=a: and — — =-—-=6. 

2^22' 2 22 

For a second example, let us also take a problem that has 
been already solved. 

2. A person engaged a workman for 48 days. For each 
day that he labored he was to receive 24 cents, and for each 
day that he was idle he was to pay 12 cents for his board. 
At the end of the 48 days the account was settled, when 
the laborer received 504 cents. Required the number of 
working days, and the number of days he was idle. 

Let 0?= the number of working days, 

y= the number of idle days. 
Then, 24a? = what he earned, 
and 12y==: what he paid for his board. 

Then, by the conditions of the question, we have 

x+y =48, 
and 24a?— 12y=504. 

Thus is the statement of the question. 
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It has already been shown (Art. 65, Az. 3), that the two 
members of an equation can be multiplied by the same num- 
ber, without destroying the equality. Let, then, the first 
equation be multiplied by 24, the coefficient of « in the 
second : we shall then have 

24ar+24y=1152, 
24a;— 12y= 504. 
And by subtracting, 36y=: 648, 

J 648 ,„ 

and y=ir=^®- 

Substituting this value of y in the equation 

24a?— 12y=504, we have 24ff— 216=504, 
which gives 

24.=504+216=720. «.d «=^=30. 

«4- y= 48 gives 30+18= 48, 

24ar— 12y=504 gives 24x30—12x18=504. 

Elimination. 

73. The method which has just been explained of com- 
bining two equation3, involving two unknown quantities, and 
deducing therefrom a single equation involving but one, is 
called elimination. 



QusiT. — 73. What is elimination 1 How many methods of elimin»* 
tion are there 1 Giye the rule for elimmation bj addition and aubtrae- 
tionl What ia the fint step 1 What the aecoodl What the thirdi 
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There are three principal methods of eliminalion : 

1st. By addition and subtraction 

2d. By substitution. 

3d. By comparison. 
We will consider these methods separately. 

Elimination by Addition and Subtraction. 

V 

1. Take the two equations 

ar— 2y=7 

8a?+2y=48. 

If we add these two equations, member to member, we 
obtain 

lla?=55. 
which gives, by dividing by 1 1 

a?=5 : 

and substituting this value in either of the given eqaations, 
we find 

y=4. 

2. Again, take the equations 

8aj+2y=48 
3a?+2y=23. 

If we subtract the 2nd equation from the first, we obtain 

5ai=25, 
which gives, by dividing by 5 

and by substituting ^s value, we find 

y=4. 
9» 
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3. Take the two equatknui 

6a:+7y=43. 
lla:+9y=69. 

If^ in thcBe equations, one of the unknown quantities was 
affected with the same coefficient, we might, by a simple 
subtraction, form a new equation which would contain but 
one unknown quantity. 

Now, if both members of the first equation be multiplied 
by 9, the coefficient of y in the second, and the two mem- 
bers of &e second by 7, the coefficient of y in the first, we 
will obtain 

46a:+63y=387, 

77a:+63y=5483. 

Subtracting, then, the first of these equations from the 
second, there results 

32x=:96y whence x^3. 

Again, if we multiply both members of the first equation 
by 11, the coefficient of op in the second, and both members 
of the second by 5, the coefficient of a; in the first, we will 
form the two equations 

55a:+77y=473, 
55a;+45y=345. 

Subtracting, then, the second of these two equations from 
the first, there results 

32y=128, whence y=4. 
Therefore a;=f3 and y=:4, are the values of x and y. 

Verification. 

6a;+7y=43 gives 5x3+7x4=15+28=43; 
lla:+95=69 „ 11x3+9x4=33+36=69. 
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The method of elimmation j«Bt explained, is ealled the 
miethod hy additt&n and subtraction. 

To eliminate hy this method we have the following 

RULE. 

I. See which of the unknown quantities you will eliminate, 

II. Make the coefficient of this unknown quantity the same 
in both equations, either by multiplication or division, 

III. If the signs of the like terms are the same in both 
equations, subtract one equation from the other ; but if the 
signs are unlike^ add them, 

EZAMPLEBk 

4. Find the values of x and y in the equations 

3a:— y=3, 

y+2«=7. 

Ans, ap=2, y=3. 

5. Find the values of x and y in the equations 

4aj— 7y:^ —22, 

6a:+2y=37. 

Ans, xz=z5, y=6. 

6. Find the values of x and y m the equations 

2a?+6y=42, 

Sac— 6ys5: 3. 

Ans, jrs=4}, y=s6|. 

7. Find the values of x and y in the equations 

8a;— 9y=l. 
6«— 3y=4ap. 

Ans. «=}, y=}. 
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8. Find the values of x and y in the equations 

14a?-15y=12, 

7x+ 8y=37. 

Ans. «=3, y=:2. 

9. Find the values of x and y in the equations 

Ans. a=6, y=9. 

10. Find the values of x and y in the equations 

— X-i V=4, 

7 8^ ' 

a?— y=--2. 

^jw. ap=:14, y=16. 

11. Says A to B, you give me $40 of your money, and 
I shall then have 5 times as much as you will have left. 
Now they both had $120 : how much had each ? 

Ans. Each had $60 

12. A Father says to his son, " twenty years ago, my 
age was four times yours ; now, it is just double :" what were 
their ages ? A i Father's 60 years. 

C Son's 30 years. 

13. A Father divides his property between his two sons. 
At the end of the first year the elder had spent one quarter 
of his, and the younger had made $1000, and their property 
was then equal. After this the elder spends $500 and the 
younger makes $2000, when it appears the younger has 
just double the elder : what had each from the father ? 

^^ C Elder $4000. 
\ Younger $2000. 
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14. If John give Charles 15 apples, they will have ihe 
same number; but if Charles give 15 to John, John will 
have 15 times as many wanting 10 as Charles will have 
left. How many had each 1 A i ^^^ ^^- 

( Charles 20. 

15. Two clerks, A and B, haire salaries which are to- 
gether equal to $900. A spends -^ per year of what he 
receives, and B adds as much to his as A spends. At the 
end of the year they have equal sums : what was the salary 
of each? . C A's=500. 

< B's=40a. 



Elimination by Substitution, 

7 4. Let us again take the equations 

5a?+75r=43, 
lla:+9y=69. 

Find the value of a? in the first equation, which gives 

43-7y 

Substitute this value of x in the second equation, and we 
have 

llxl?^+9y=69, 

or, 473-77y+45y=:345, 

or, — 325r=— 128. 

Hence, y=4, 

43-28 ^ 

and, *=: -— rio. 
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This method is called the method hy stibstitutiim : we 
have for it the following 

RULE. 

Find the value of one of the unknotm quantities in either 
of the equations, and substitute this value for the same unknoum 
quantity in the other equation : there vnll thus arise a new 
equation with but one unknoum quantity. 

Remark. — This method of elimination is used to great 
advantage when the coefficient of either of the miknown 
quantities is unity. 

EXAMPLES. 

1. Find, by the last method, the values of x and y in the 
equations 

3a?— y=l and 3y— 2a?=4 

An^. a;=l, y=2. 

2. Find the values of x and y in the equations 

5y— 4a?=— 22 and 3y+4a?=38. 

Ans, :e=8y y=:2. 

3. Find the values of x and y in the equationct 

a:+8y=18 and y— 3a;=— 29. 

Ans, a:=10, y=l. 

4. Find the values of x and y in the equations 

2 
5a:— y=13 and 8a:+-^=29. 

Ans, a;=:3^, y=4j. 

QussT. — 74. Gire ^eiule for elinunation by substitution^ When is 
it desirable to use this method? 
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5. Find the values of x and y from the equations 

lOa?—- 1-=69 and 10y~ ^=49. 

Ans. af=7, y=5. 

6. Find the values of x and y from the equaticms 

1 V ^ X V 

x4 X — =^=10 and h— =2. 

^2 5 8 10 

Ans. a?=8, y=10. 

7. Find the values of x and y in the equations 

|~|-+5=2, ap+|-=17|. 

Ans, x=l5, v=14, 
8 Find the values of x and y in the equations 

X+^+3=6i, and X^J^^l. 

^«^. a?=3J, y=4. 
9. Find the values of x and y from the equations 

x ^ X V ^ 

■—+6=5 and 7^—7^=0. 



8 4' 12 16 

Ans. ar=:12, y=:16. 

10. Find the values of x and y from the equations 

X_|_i = _9 and Sa:-g=29. 

Ans. a?=6, y=7. 

11. Two misers A and B sit down to count over their 

money. They both have $20000, and B has three times as 

much as A : how much has each ? 

c A . . $5000. 

"^"^^-^B.. $15000. 

4VIKJ82 
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12. A person has two punes. If he puts $7 into the 

first purse, it is worth three times as much as the second : 
but if he puts $7 into the second it becomes worth five 
times as much as the first : what is the value of each purse ? 

Ans. 1st, $2 : 2nd, $3. 

13. Two numbers hare the following properties : if the 
first be multiplied by 6 the product will be equal to the 
second multiplied by 5 ; and one subtracted from the first 
leaves the same remainder as 2 subtracted from the second : 
what are the numbers ? Ans. 5 and 6. 

14. Find two niunbers with the following properties : 
the first increased by 2 to be 3 j- times greater than the 
second : and the second increased by 4 to be half the first : 
what are the numbers ? ^Ji^. 24 and 8. 

15. A father says to his son, " twelve years ago I was 
twice as old as you are now : four times your age, at that 
time, plus twelve years, will express my age twelve years 
hence :" what were their ages '^ a i Father 72 years. 

^' i Son 30 « 



Elimination by Comparison* 

75. Take the same equations 

5aj+7y=43, 
llar+9y=69. 

Finding the value of x in the first equation, we have 

43— 7y 
5 

and finding the value of x in the second, we obtain 

69 -9y 



«=• 



11 
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Let these tiTQ Talues of « be placed equal Id each other, 
and we have 

43— 7y _ 69— 9y 
6 ~ 11 • 

Or, 473-.77yx=34S-.45y; 

Or, — 32y= — 128. 

Henoe, y=4. 

A J 69—36 ^ 
And, x=z — — =3. 

This method of elimination is called the method by 
comparison, for which we have the following 

RULE. 

I. Find the value of the same unknown quantity in each 
equation, 

II. Place these values equed to each other ; and « new 
equation wiU arise with but one unkfwwn quantity. 

EXAMPLES. 

I. Find, by the last rule, the values of x and y in the 
equations 

3«+X+6=42 and y-^=14i. 

Ans. «=H, y=15. 



Quest. — 75. Giye the rule for elimination by comparison 1 What is 
^ first stepi What the second? 

10 
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2. Find the values ct x and y in the eqnationa 

. -^——+6=6 and -^+4=— 4-6. 

Aiif. a;=:28y ys=20. 

3. Find the values of x and y in the equations 

y a? . 22 , . „ 
T^ — :-+-s-=l and 3y— «=6. 
10 4 8 ^ 

iintf. v=9, y=5. 

4. Find the values of x and y in the equations 

1 . xA'V 

y-3=ya?+6 and -^=^-.3^. 

Aiif. ff=2, y=:9. 

5. Find the values of x and y in the equations 

5y+_=y-2 Mid _4-f=«-13. 

An*. a:=16, y=7. 

6. Find the values of x and y from the equations 

J±5+yZf=«-|:. and x+y=16. 

Ans. 0^=10, y=0. 

7. Find the values of x and y in the equations 

iiiw. ff=zly y==3- 

8. Find the values of x and y in the equations 

2y+3«==y+43, y-^'^=y-y- 

Ans.. xszlO, y=13. 



J 
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9. Find the values of x and y in the equations 

4y"-^-^=*+18, and 27— y=ap+y+4, 

Ans, xss9y y=7. 

10. Find the iralnes of x and y in the equations 

Aii^. «slO, y=:20. 

76. Having explained the principal methods of elimina- 
tion, we shall add a few examples which may be solved by 
either ; and oilen indeed, it may be advantageous to use 
them all even in the same question. 



GENERAL XXAHPLES. 

1. Given 2a[;+3y=16, and Sop— 2y=ll to find the 
values of x and y. Ans, a;=5, y=2. 

^ -,. 2a? . 3y 9 , 3a? . 2y 61 ^ , , 

2. Given — — ^= — and — 2,= — - to find the 

5^4 20 45 120 

values of x and y. Ans. ff=-x-f y=*— . 

3. Given -|-+7ya=99, and •^+7«=51, to find the 
values of x and y. ^n^. xzz7f y=14. 

4. Given 

12=s— +8, and — ^-^-i 8=-^^ 1-27. 

to find the values of x and y. Ans. «=60, y=:40. 
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QUESTIONS. 

1. Wbat fraction is tbat, to the numerator of which, if 1 
be addedy its value will be — , but if one be added to its 

denominator, its vahie wiH be -r-t 

4 

Let the fractioii be represented by — . 

Then, by ibe question 

ar+1 1 J X 1 





y 3 


y+i 4' 


Whence 


3x+3=:y and 


42=y+l. 


Therefore, 


by subtracting. 






«— 3=1 or 


ap=4. 


Hence, 


12+3= 


« 

y; 


therefore, 


y=15. 





2. A market-woman bought a certain number of eggs at 
2 for a penny, and as many others, at 3 for a penny ; and 
having sold them again altogether, at the rate of 5 for 2d, 
found that she had lost 4d : how many eggs had slie ? 

Let 2(B= the whole number of eggs. 

Then a?= the number of eggs of each sort. 

Then win -;^= the cost of the first sort, 

2 , 

and -Q^= the cost of the second so^. 

4x 
But 5 : 2 : : 2ap : -*- the amount for which the eggs 

were SoM. 
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Hence, by the question 



1.1 *" A 



f I 



Therefore, 15a?+10a;— 24«=120, ^'iH 

or a?=120; , . 

the number of eggs of each sort. 

3. A person possessed a capital of 30,000 dollars, for 
which he drew a certain interest ; but he owed the sum of 
20,000 dollars, for which he paid a certain interest. The 
interest that he received exceeded that which he paid by 
800 dollars. Another person possessed 35,000 dollars, for 
which he received interest at the second of the above rates ; 
but he owed 24,000 dollars, for which he paid interest at 
the fb'st of the above rates. The interest that he received 
exceeded that which he paid by 310 dollars. Required the 
two rates of interest. 

Let X and y denote the two rates of interest ; that is, the 
interest of $100 for the given time. 

To obtain the interest of $30,000 at the first rate, denoted 
by X, we form the proportion - 

^^r.r.^ 30,000a: ^^^ 

100 : a : : 30,000 : : — ~r^— or SOOar. 

And for the interest $20,000, the rate being y, 

100 : y : : 20,000 : : — ' ^ or 200y. 

But from the enunciation, the difference between these 
two interests is equal to 800 dollars. 

We have, then, for the first equation of the problem, 

300a;— 200y=800. 
10* 



I 
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By writing algebraically the second condition of tlie pro- 
blem, we obtain the other equation, 

350y— 240aj=310. 

Both members of the first equation being divisible by 100, 
and those of the second by 10, we may put the following, 
in place of them : 

3af— 2y=8, 35y— 24ap=31. 

To eliminate x, multiply the first equation by 8, and then 
add it to the second ; there results 

19y=95, whence y=5. 

Substituting for y, in the first equation, its value, Hob 
equation becomes 

3a?— 10 = 8, whence x=6. 
Therefore, the first rate is 6 per cent, and the second 5. 

Verifcation. 

$30,000, placed at 6 per cent, gives 300x6= $1800. 
$20,000, „ 5 „ „ 200X5= $1000. 

And we have 1 800 — 1 000 = 800. 

The second condition can be verified in the same manner. 

4. What two numbers are those, whose difiference is 7, 
and sum 33 ? Ans. 13 and 20. 

5. To divide the number 75 into two such parts, that 
three times the greater may exceed seven times the less 
by 15. Afis. 54 and 21, 

6. In a mixture of wine and cider, ^ of the whole plus 
25 gallons was wine, and ^ part minus 5 gallons was cider : 
how many gallons were there of each ? 

Ans. 85 of wine, and 35 of , cider. 
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7. A bill of jEri20 was paid in guineas and moidores^ and 
the number of pieces of both sorts that were used was just 
100. If the guinea be estimated at 21^, and the moidore 
at 27j, how many were there of each 1 Ans. 50 of each. 

8. Two travellers set out at the same time from London 
and York, whose distance apart is 150 miles. One of them 
goes 8 ndles a day, and the other 7 : in what time will they 
toeet? Ans. In 10 days. 

9. At a certain election, 375 persons voted for two can- 
didates, and the candidate chosen had a majority of 91 : 
how many voted for each ? 

Ans, 233 for one, and 142 for the other. 

10. A person has two horses, and a saddle worth £60. 
Now, if the saddle be put on the back of the first horse, it 
will make his value douUe that of the second ; but if it be 
put on the back of the second, it will make his value triple 
that of the first. What is the value of each horse ? 

Afis, One £30, and the other i:40. 

11. The hour and minute hands of a clock are exactly 
together at 12 o'clock : when are they next together ? 

Ans, Ihr. 5^jmin* 

12. A man and his wife usually drank out a cask of beer 
in 12 Jays ; but when the man was from home, it lasted 
the woman 30 days : how many days would the man alone 
be in drinking it 1 Ans, 20 days. 

13. If 32 pounds of sea-water contain 1 pound of salt, 
how much fresh water must be added to these 32 pounds, 
in order that the quantity of salt contained in 32 pounds of 
the new mixture shall be reduced to 2 ounces, or |- of a 
pound? Ans. 2241b. 

14. A person who possessed 100,000 dollars, placed the 
greater part of it out at 5 per cent interest, and the other 



each receive ? . i Ist, 6500 

Ans ^ ' 
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at 4 per cent. The interest which he received for the whole 
amounted to 4640 dollars. Required the two parts. 

Ans, 64,000 and 36,000. 

15. At the close of an election, the successful candidate 

had a majority of 1500 votes. Had a fourth of the votes 

of the unsuccessful candidate been also given to him, he 

would have received three times as many as his competitor 

wanting three thousand fivehundred : how many votes did^ 

5 

<2d, 6000. 

16. A gentlemen bought a gold and a silver watch, and 
a chain worth $25. When he put the chain on the gold 
watch, it was worth three and a half times more than the 
silver watch ; but when he put the chain on the silver watch, 
it was worth one half the gold watch and 15 dollars over : 
what was the value of each watch ? 

^^ i Gold watch $80. 
\ Silver „ $30. 

17. There is a certain number expressed by two figures, 
which figures are called digits. The sum of the digits is 
11, and if 13 be added to the first digit the sum will be three 
times the second : what is the number ? Ans, 56. 

18. From a company of ladies and gentlemen 15 ladies 
retire; there are then left two gentlemen to each lady. 
Afler which, 45 gentlemen depart, when there are left 5 
ladies to each gentleman : how many were there of each at 
first ? ^ ^^ i 50 gentlemen. 

< 40 ladies. 

19. A person wishes to dispose of his horse by lottery. 
If he sells the tickets at $2 each, he will lose $30 on his 
horse ; but if he sells them at $3 each, he will receive $30 
more than his horse cost him. What is the value of the 
horse and number of tickets ? . i Horse . . . $150. 

\ Na of tickets 60. 
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20. A pferson purchases a lot of wheat at $1 , and a lot of 

tje At 75 cents per bushel, the whole costing him $117,50. 

He then sells -}- of his wheat and ^ of his rf e at the same 

rate, and realizes $27^50. How much did he buy of each ? 

. i 80hu. of wheat. 
Ans, ■{ ^, - 

( 505m. of rye. 



Equations involving three or more unknown quantities. 

77. Let us now consider the case of three equations 
mTolving three tmknown quantities. 
Take the equations 

5«— 6y4-4«r=16, 
7a;+4y— 3;ff=19, 
2x+ f/+6z=:46. 

To eliminate z by means of the first two equations, mul- 
ti{dy the first by 3 and the second by 4 ; then, since the 
coefi^cients of z have contrary signs, add the two results 
together. This gives a new equation : 

43ar— 25^=rl21. 

Multiplying the second equation by 2, a factor of the co- 

efiicient of z in the third equation, and adding them together, 

we have 

16a?+9y=84. 

The question is then reduced to finding the values of x 
and y, which will satisfy these new equations* 

Now, if the first be multiplied by 9, the second by 2, and 
the results be added together, we find 

419ap=1257, whence ff=3. 
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We might, by means of the two eqaations iiiTolTmg at 
and y, deteimine y in the same way we have determined x ; 
but the value of y may be determined more simply, by ob- 
serving that the last of these two equations becomes, by 
substituting for x its vahie found above, 

48+9y=84, whence ffz= — ^ — =4. 

In the same manner the first of the three proposed equa- 
tions becomes, by substituting the values of x and y, 

24 
15— 24+4ar=15, whence j8r=---=6. 

4 

Hence, to solve equations containing three or more un- 
known quantities, we have the following 

RULE. 

I. To eliminate one of the unknown quantities^ combine any 
one cfthe equations with each of the others; there wiU thus he 
obtained a series of new equations containing one less unknown 
quantity, 

II. Eliminate another unknown quantity by com^inijig one 
of these new equations with the others. 

III. Continue this series of operations untU a single equa^ 
turn containing but one unknown quantity is obtained^ from 
which the value of this unknown quantity is easUy found. 
Then^ by going back through the series of equations which have 
been obtained, the values of the other unknown quantities may 
be successively determined. 



Quest. — 77. Giye the genenl role for solving eqnatioiui inrolniig 
three or more unknown quantities t What is the first stepi Whtt the 
second! What the third 1 
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78. Remark. — ^It often happens that each of the pro- 
posed equations does not contam aQ the unknown quantities. 
In this casoy with a little address, the elimination is very 
quickly performed. 

Take the four equations involving four unknown quantities : 

« 

(1.) 2a?-3y+ar=13. (3.) 4y+2*=14. 

(2.) 4ii— 2«=30. (4.) 5y+3tf=:32. 

By inspecting these equations, we see that the elimina- 
tion of 2r in the two equations, (1) and (3), will give an 
equation involving x and y ; and if we eliminate u in 
the equations (2) and (4), we shall obtain a second equation, 
involving x and y. These two last unknown quantities 
may therefore be easily determined. In the first place, the 
elimination of in (1) and (3) gives 

7y— 2ap=:l ; 
That of « in (2) and (4), gives 

20y+6«=38, 
Multiplying the first of these equations by 3, and adding, 

41y=41 ; 
Whence y= 1. 

Substituting this value in 7y— 2dP=l, we find 

jr=3. 
Substituting for x its value in equation (2), it becomes 

4m-6=30 : 
Whence u=9. 

And substituting for y its value in equation (3), there 
results ir:r-5. 



lis 
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1. Given -< 



2. Given 



EXAMPLES. 

*+ 2y+ 3^=^H to find «, y and ^. 

Ans. ap=8, y=9, «r=12. 

2ap+ 4y— 3«r=22"] 

4a?-- 2y+ '5ev=18 > to find or, y and s. 

6aj+ 7y— «:=63^ 

An^. «=:3, y=7, s=4. 



3. Given < 



1 1 
»+yy+-^==32 

—x+—y+'^szl5 Y to find a;, y and *. 

M 4 O 

— x-l^ — v-l z= 12 

Afw. a!=12, y=20, z=:36. 

4. Divide the number 90 into four such parts that the 
first increased by 2, the second diminished by 2, the third 
multiplied by 2, and the fourth divided by 2, shall be equal 
to each other. 

This question may be easily solved by introducmg a new 
unknown quantity. 

Let X, y, Zj and u, be the required parts, and desig- 
nate by m the several equal quantities which arise from 
the conditions. We shall then have 



it 



«+2=m, y— 2=«i, 2z=zm, —=zm. 
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From whicK we find 

ap=m— 2, y=m+2, af=— , u=.2m. 
And by adding the equations, 

And since, by the conditions of the question, the first 
member is equal to 90, we have 

4i»i = 90, or |m=90; 
hence m=20. 

Having the value of m, we easily find the other values : 
viz. 

a:=18, y=22, ;y=10, ti=40. 

5. There are three ingots composed of different metals 
mixed together. A pound of the first contains 7 ounces of 
silver, 3 ounces of copper, and 6 of pewter. A pound of 
the second contains 12 ounces of silver, 3 ounces of cop<^ 
per, and 1 of pewter, A pound of the third contains 4 
ounces of silver, 7 ounces of co^^r, imd 5 of pewter. It 
is required to find how much it will take of each of the 
three ingots to form a fourth, which shall contain in a 
pound, 8 ounces of silver, 3f of copper, and 4 J of pewter. 

Let 07, y, and z represent the number of ounces which it 
is necessary to take from the three ingots respectively, in 
order to form a pound of the reqldred ingot. Since there 
are 7 ounces of silver in a pound, or 16 ounces, of the 
first ingot, it follows that one ounce of it contains ^^ of an 
ounce of silver, and consequently in a number of ounces 

denoted by or, there is — ounces of silver. In the same 

11 
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manner we would find that —^ and — , express the num- 
ber of omices of silver taken from the second and third, to 
form the fourth ; but from the enunciation, one pound of this 
fourth ingot contains 8 ounces of silver. We have, then* 
for the first equation, 

7a? , 12y , 4j» ^ 
16^ 16 16 ' 

or, making the denominators disappear, 

7x+12y+4jy=128. 

As respects the copper, we should find 

3a?+3y+7jy=60, 

and with reference to the pewter 

6a?+y+5j8r=68. 

As the coefficients of y in these three equations, are 
the most simple, it is most convenient to eliminate this un- 
known quantity first. 

Multipl3ang the second equation by 4, and subtracting 
the first, we have 

5«+24jy=112. 

Multiplying the third equation by 3, and subtracting the 
second from the product, 

15«+8^=144. 

Multiplying this last equation by 3, and subtracting the 
preceding one from the product, we obtain 

40^=320, 

whence a(=8. 
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Substitute this value for « in the equation 

I5x+Sz=zl44\ 

it becomes 120+84r=:144, 

whence 0=3. 

Lastly, the two values aj=8, J8r=3, being substituted in 
the equation 

6a?+y+5;ar=68, 

give 48+y+ 15=68, 

whence y=5. 

Therefore, in order to form a pound of the fourth ingot, 
we must take 8 ounces of the first, 5 ounces of the second, 
and 3 of the third. 

Verification. 

If there be 7 ounces of silver in 16 ounces of the first 
ingot, in 8 ounces of it, there should be a number of ounces 
of silver expressed by 

7x8 
"16"' 
In like manner, 

12x5 , 4x3 

^n q — 

J6 16 

wiU express the quantity of silver contained in 5 ounces of 
the second ingot, and 3 ounces of the third. 
Now, we have 

7X8 12X5 ,4X3_128 
16 "*" 16 "^ 16 16 ■" ' 

therefore, a pound of the fourth ingot contains 8 ounces of 
silver, as required by the enunciation. The same condi- 
tions may be verified relative to the copper and pe¥rter. 
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6. A's age ia double B's, and B's is triple of C's, and the 
sum of all their ages is 140. What is the age of each ? 

Ans, A's=84, B's=42, and C'8=14. 

7. A person bought a chaise, horse, and harness, for 
jETGO ; the horse came to twice the price of the harness, 
and the chaise to twice the price of the horse and harness. 
What did he give for each ? 

r£\Z 6^. 8 J. for the horse. 
Ans, ^£ 6 13<f. Ad. for the harness. 
^ jEr40 for the chaise. 

8. To divide the number 36 into three such parts that 
^ of the £a:st, \ of the second, and \ of the third, may be 
all equal to each other. Ans. 8, 12, and 16. 

9. If A and B together can do a piece of work in 8 days, 
A and C together in 9 days, and B and C in ten days ; how 
many days would, it take each to perform the same work 
alone ? Ans. A 14fJ, B 17|f , C 23^. 

10. Three persons, A, B, and C, begin to play together, 
having among them all $600. At the end of the first game 
A has won one-half of B's money, which, added to his own, 
makes double the amount B had at first. In the second 
game, A loses and B wins just as much as C had at the 
beginning, when A leaves off with exactly what he had at 
first. How much had each at the beginning ? 

Ans. A $300, B $200, C $100. 

11. Three persons, A, B, and C, together possess $3640. 
If B gives A $400 of his money, then A will have $320 
more than B ; but if B takes $140 of C's money, then B 
and C will have equal sums. How much has each ? 

Ans. A $800, B $1280, C $1560. 

12. Three persons have a bill to pay, which neither 
alone is able to discharge.* A says to B, '* Give me the 
4th of your money, and then I can pay the bill." B says 
to C, " Give*me the 8th of yours, and I can pay it. But 



EQUATIONS OF THE FIRST DBQREB. 117 

C says to A, *< You must give me the half of yours before 
I can pay it, as I have but $8." What was the amount of 
their bill, and how much money had A and B 1 

J, i Amount of the bill, $13. 
^* t A had $10, and B $12. 

13. A person possessed a certain capital, which he placed 
out at a certain interest. Another person, who possessed 
10000 dollars more than the first, and who put out his capi- 
tal 1 per cent, more advantageously, had an income greater 
by 800 dollars. A third person, who possessed 15000 dol* 
lars more than the fb'st, putting out his capital 2 per cent, 
more advantageously, had an income greater by 1 500 dollars. 
Required the capitals of the three persons, and the rates of 
interest. 

^ i Sums at interest, $30000, 40000, 45000. 
' c Rates of interest, 4 5 6 pr. ct. 

14. A widow receives an estate of $15000 from her de- 
ceased husband, with directions to divide it among two sons 
and three daughters, so that each son may receive twice as 
much as each daughter, and she herself to receive $1000 
more than all the children together. What was her share, 
and what the share of each child ? 

r The widow's share, $8000. 

Ans. < Each son's, 2000. 

V Each daughter's, 1000. 

15. A certain sum of money is to be divided between 
three persons, A, B, and C. A is to receive $3000 less 
than half of it, B $1000 less than one third part, and C to 
receive $800 more than the fourth part of the whole. What 
is the sum to be divided, and what does each receive ? 

f Sum, $38400. 

A receives 16200. 
B „ 11800. 

C „ 10400. 



Ans, 



1 
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CHAPTER IV. 



Of Powers. 



79. If a quantity be multiplied several times by itself, 
the product is caJled the power of the quantity. Thus, 

a:^a is the root, or first power of a. 

axa^a^ is the square, or second power of a. 

axaxa=(ifi is the cube, or third power of a. 

axaxax a=c^ is the fourth power of a, 

axaxaxaxa=za^ is the fifth power of a. 

In every power there are three things to be considered : 

1st. The quantity which is multiplied by itself, and which 
is called the root or the first power. 

2nd. The small figure which is placed at the right, and 
a little above the letter. This figure is called the exponent 
of the power, and shows how many times the letter enters 
as a factor. 

3rd. The power itself, which is the final product, or 
result of the multiplications. 



Quest. — 79. If a quantity be continually multiplied by itself, what is 
the product called 1 How many things are to be considered in every 
power 1 What are they 1 
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For example, if we suppose a=3, we have 

0= 3 the root, or Ist power of 3. 

a?=3«=3 X 3= 9 the second power of 3. 

0^=33=3x3x3=27 the third power of 3. 

fl*=3*=3 x3 X3x3= 81 the fourth power of 3. 

«»=3«=3 x 3 X 3 X 3 X 3=243 the fiflth power of 3. 

In these expressions, 3 is the root, 1, 2, 3, 4 and 5 are 
the exponents, and 3, 9, 27, 81 and 243 are the powers. 

To raise monomials to any power. 

80. Let it be required to raise the monomial 20^^ to 
the fourth power. We have 

(2fl352)*=2o3J3 X 2o3ja X 2<;fib^ X 2^3^, 

which merely expresses that the fourth power is equal to 
the product which arises from writing the quantity four 
times as a factor. By the rules for multiplication, this pro- 
duct becomes 

from which we see, 

1st. That the coefficient 2 must be raised to the 4th 
power; and, 

2nd. That the exponent of each letter must be tnultiplied 
by 4, the exponent of the power. 

As the same reasoning would apply to eyery example, 
we have, for the raising of monomials to any power, the 
following 
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RULE 

I. Raise the coeffietent to the required poteer, 

II. Multiply the exponent of each letter by the exponent of 
the power, 

EXAMPLES. 

1. What is the square of Sa^y^ ? Ans. 9tf*y*. 

2. What is the cube of ^<j^y^x ? Ans. 216aiy«3. 

3. What is the fourth power of 2€^y^l^ ? 

Ans. 16aiy2^. 

4. What is the square of a^h^y^l Ans. t^b^^y^. 

5. What is the seventh power of a^bcd^ ? 

Ans. a^^b'^c'd^^. 

6. What is the sixth power of a^l^c^d ? Ans. a^^i^ V^d*. 

7. What is the square and cube of ^2aW ? 

Square. Cube. 

— 2o2ja — 2a2ja 

~2fl^ftg —2025a 

+4a*5^ +4a*J* 

-2^ 
— 8aW 

By observing the way in which the powers are formed, 
we may conclude, 

1 St. When the root is positive, aU the powers wiU be positive. 

2nd. When the root is negative^ all the even powers will be 
positive and all the odd powers negative. 

Quest. — 80. What is a monontial? Give the rale for raising a 
monomial to any power. When the root is positive, how will the poweii 
be 1 When the root is negative, how will the powers be ? 
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8. What is the square of — 2d*&« ? Ans. 4aW«. 

9. What is the cube of — 5ayc ? Ans. — 125ai»yV. 

10. What is the eighth power of —a^tcy^ ? 

Ans. +fl^af®y^*. 

11. What is the seventh power of —a^yafi ? 

Ans, — a^yapi*. 

12. What is the sixth power of 2ab^y^ ? 

Ans. 64o«^y30. 

13. What is the ninth power of -^cdx^y^ ? 

Ans. — c^ei^afiV^. 

14. What is the sixth power of —SaPd ? 

Ans, 729a«fti2^. 

15. What is the square of — lOa^iV ? Ans. 100a*ft*c». 

16. What is the cube of — 9a«^d3/a t 

Ans. — 729o"J"<iy«. 

17. What is the fourth power of ^4a«5Vd« ? 

Ans. 256a205iV«(i«>. 

18. What is the cube of -^Aa^H^t^d ? 

Ans. — 64a«J«c9d3. 

19. What is the fifOi power of 2aWxy ? 

An*. 32o"5iVy». 

20. What is the square of 20a?*y*c* ? A»w. 400a!8y V^ 

21. What is the fourth power of So^&V ? 

An*. 81aWc» 

22. What is the fifth power of ^i^dPar^^ ? 

Ans. — ciOi^ifiajiOyW, 

23. What is the sixth power of ^cu^dfl ^ 

Ans. (fic^'^d^^. 

24. What is the fourth power of ^%a^<^d? ? 

Ans. 1 60808(^2. 



1 
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To raise Polynomials to any power. 

81. The power of a polynomial, like that of a monc^ 
mial, is obtained by multiplying the quantity continually by 
itself. Thus, to find the fifth power of the binomial a+^t 
we have 

a + h 1st power. 

a+ h 
a2+ ab 
+ ah+h^ 



a^+2ah +h^ 2nd power. 

a+ h 

a?+2a%+ aiP' 
+ a^h-^ 2ab'^ + J^ 



€^+^a%+ 3ai* + J3 . . , 3rd power. 
a+ h 

+ a^h+ 3g»&g+3gft3 4. ^ 
a*+4a35+ ^aW+ Aat^ + ¥ 4th power. 
a+ h 

+ a*&+ 4g3&24, 6flgy+4fl5^+y^ 
cg+5fl*5+10g^y+10a^^+5fl6*+^ -An*. 

Remark. — 82. It will be observed that the number of 
multiplications is always 1 less than the units in the expo- 

QuKST. — 81. How 18 the power of a polynomial obtained. 
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nent of the power. Thus, if the e]q)onent is 1, no multipli- 
cation is necessary. If it is 2, we multiply once ; if it is 
3y twice ; if 4, three times, &c. The powers of polyno- 
mials may be expressed by means of the exponent. Thus, 
to e]q)ress that a+b is to be raised to the 5th power, we write 

which expresses the fifth power of a-\-h. 
2. Find the 5th power of the binomial a^b. 



a - 


- b . 


, • • • 


• • • 


• 


1st power. 


a - 


- b 












o2- 


- ab 














- ab +b^ 










a2- 


-2a6 +62 . 


• • • 


• 


2nd 


power. 


a- 


-r b 












a3- 


-2a^+ 


ab^ 






- a^+ 


2ab^ - 


-63 








a3- 


-3a^+ 


3ab^ - 


-63 . . 


• 


3rd 


power. 


a - 


- b 


> 








- 


a*- 


-3o36+ 


3a262- 


- a63 




•• 


- a^b+ 


3a262- 


- 3a63 + 


** 


4th 




a*- 


-4o36+ 


6a^b^^ 


- 4ab^ + 


i* 


power. 


a - 


- b 




~ 


• 


■ 




««- 


-4a^b+ 


6a^b^' 


- 4o263+ 


a6* 






- a^b+ 


4a362- 


- 6a^b^+4ab^ 


-.6» 




a*- 


-5a*6+10o362_ 


-lO<p^P+5ab^ 


-6« 


Ans, 



QvKST. — 82. How does the number of multiplications compare with 
the exponent of the power 1 If the exponent is 4, how many multipli- 
cations 1 
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3. What is the square of 5a— 2c+<i. 

5fl — 2c + d 

5o -- 2c + d 
25a2--10ac+ dad 

— 10ac+ 4c2— 2cd 

+ 5ad—2cd+ fP 

25a2— 20ac+10aJ+4c2 — 4cd+d» Ans. 

4. Find the 4th power of the binomial 3a— 26. 

3a — 25 . . l»t power. 

3a — 2b 

9a2— Sab . 

- 6ab+4b^ 
9a«— 12a5-f463 ..... 2nd power. 
3a — 25 



27a3— 36a25+12a52 

— 18a^5+24a5g— 8b^ 

27a»— 54a25+36a62— 863 . , 3rd power. 

3a — 2b 

81a*— 162a35+ lOSa^b^—24aP 

— 54a35+108a^5g-72a53+165* 
81a*— 216a36+216ag5»— 96o5g+165* Ans. 

5. What is the square of the binomial a+ 1 ? 

^fw. a2+2a+l. 

6. What is the square of the binomial a— 1 ? 

Ans, c? — 2a+I. 

7. What is the cube of 9a— 35 \ 

Ans. 729a3-729a25+243a5a— 275^ 

8. What is the third power of a— 1 ? 

Ans. a3— 3a3+3a— 1. 
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9. Wliat is the 4th power of x—y ? 

Ans. ap*— -4a?3y+6a52y2— 4a5y'+y*, 

10* What is the cube of the trinomial x+y+z ? 

Ans. ai^+dx^y+dx^z+Sxi/^+Sxz^+Sy^z+Syz^+Gxyz 
+f+z\ 

11. What is the cube of the trinomial 2a^^4ab-^3b'^ ? 
Ans. 8o»-48aS5+ 132a*52_208a353+ igSa^**— lOSaft* 

To raise a Fraction to any Power. 

83. <The power of a fraction is obtained by multiplying 
the fraction by itself ; that is, by multiplying the numerator 
by the numerator, and the denominator by the denominator. 

Thus, the cube of -r-, which is written 



(a \5^ a a a ^a^ 

is found by cubing the numerator and denominator sepa- 
rately. 

a-— c 

2. What is the square of the fraction 7-; — ? 

^ b'\-c 

We have 

\b+c ) "^ (b+cf "" b^+2bc+c^ 

3. What is the cube of --|- ? Ans. ^^^ . 



QuBST.— 83. How do you find the power of a fraction 1 

12 
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4. What is the fourth power of ^-^-j ? 

Ans, - 



16xy* 

5. What is the cube of — r^ ? 

x+y 

^"*- a?3+3a2y+3ay2+y3 * 

6. What is the fourth power of -- — 1 Ans. -jg-r* 

7. What is the fifUi power of ^gT;- ^''*' *32yV' 

8. What IS the square of , ^ - T 

fl»argr-2ajgy+y* 
^2y2 — 2bxy+a^ * 

. _ . , ^ 2a — 35 , 

9. What IS the cube of — r-f: — ? 

x+2y 

^^' a^+ex^y+l2xy^+Sy^ ' 

Binomial Theorem. 

84. The method which has been explained of raising a 
polynomial to any power, is somewhat tedious, and hence 
other methods, less difficult, have been anxiously sought 
for. The most simple which has yet been discovered, is 
the one invented by Sir Isaac Newton, called the Binomial 
Theorem. 



Quest.— 84. What is the object 0f the Binomial Theorem 1 Who 
discovered this theorem 1 
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85. In raising a quantity to any power, it ia plain that 
there are four things to be considered : — 

Ist. The number of terms of the power. 
2nd. The signs of the terms. 
3rd. The exponents of the letters. 
4th. The coeflcients of the terms. 

Of the Terms, 

86. If we take the two examples of Article 81, which 
we there wrought out in full ; we have 

(a+^>)5=o«+5a45+10a3i2+i0a253^.5oft4+J6 . 

(a-6)s=a«--5a*5+10a352-10a353+6aft*— 5«. 

By examining the several multiplications, in Art. 8 1 , we 
shall observe that the second power of a binomial contains 
three terms, the third power four, the fourth power ^re^ the 
fifth power six, &c ; and hence we may conclude-— TAa/ 
the number of terms in any power of a binomial, is one greater 
than the exponent of the power. 

Of the Signs of the Terms. 

87. It is evident that when both terms of the given bi- 
nomial are plus, alf the terms of the power wiU be plus. 

2nd. If the second term of the binomial is negative, then 
aU the odd terms, counted from the left, vnU he positive, and 
aU the even terms negative. 



Qttist. — 85. In raising a quantity to any power, how many things 
are to be considered? What are they? — 86. How many terms are 
there in any power of a binomial ? If the exponent is 3, how many 
terms ? If it is 4, how many terms ? If 5 1 &c. — 87. If both terms 
of the binomial are positive, how are the tenne of the power? If the 
second term is negative, how are the signs of the terms ? 
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Of the Exponents, 

88. The letter which occupies the first place in a bino- 
mial, is called the leading letter. Thus, a is the leading 
letter in the binomials a+^, a— &. 

1st. It is evident that the exponent of the leading letter 
in the first term will be the same as the exponent of the 
power ; and that this exponent will diminish by unity in 
each term to the right, until we reach the last term, which 
does not contain the leading letter. 

2nd. The exponent of the second letter is 1 in the second 
term, and increases by unity in each term to the right, 
until we reach the last term, in which the exponent is the 
same as that of the given power. 

3rd. The sum of the exponents of the two letters, in any 
term, is equal to the exponent of the given power. This 
last remark will enable us to verify any result obtained by 
the binomial theorem. 

Let us now apply these principles in the two following 
examples, in which the coefiicients are omitted : — 

As the pupil should be practised in writing the terms with- 
out the coefficients apd signs, before finding the coefiicients^ 
we will add a few more examples. 



QvvBT. — 88. Which is the leading letter of the binomial 1 What is 
the exponent of this letter in the first term 1 How does it change in the 
terms towards the right 1 "What is the exponent of the second letter in 
the second term ? How does it change in the terms towards the right! 
What Lb it in the last teiml What is the sum of the exponents in anv 
term equal to 1 
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1. (fl+5)3 . . a^+a^+ab^+P. 

2. (a-*)* . . a^^a^+a^b^'-ah^+b^. 

3. {a+bY . . a^+a'^b+c^b^+aH^+ab^+b^ 

4. (a-by . . a^--a^b+a^b^-a^b^+<^b^-a^b^+ab^-bf. 

Of the Coefficients. 

89. The coefficient of the first term is unitjr The co- 
efficient of the second term is the same as the e:iCponent of 
the given power. The coefficient of the third term is found 
by multiplying the coefficient of the second term by the 
exponent of the leading letter, and dividing the product by 
2. And finally — If the coefficient of any term be multiplied 
by the eocponent of the leading letter, and the product divided 
by the number which marks the place of that term from the 
left, the quotient toill be the coejjicient of the next term. 

Thus, to find the coefficients in the example 

we first place the exponent 7 as a coefficient of the second 
term. Then, to find the coefficient of the third term, we 
multiply 7 by 6, the eiqponent of a, and divide by 2. The 
quotient 21 is the coefficient of the third term. To find the 
coefficient of the fourth, we multiply 21 by 5, and divide 
the product by 3 : this gives 35. To find the coefficient of 
the fifth term, we multiply 35 by 4, and divide the product 
by 4 : this gives 35. The coefficient of the sixth term, 
found in the same way, is 21 ; that of the seventh, 7 ; and 
that of the eighth, 1. Collecting these coefficients, we 
have 

(a-by = 

a'— 7a«A+2la»6»-35a«*s+35a3**— 21a»i»+7oJ«— *». 

12» 



L 



130 BLBMBNTART AUIBBEA. 

Remark. — ^We see, in examining this last result^ that the 
coefficients of the extreme terms are each miity, and that 
the coefficients of terms equally distant from the extreme 
terms are equal. It will, therefore, be sufficient to find the 
coefficients of the first half of the terms, from which the 
others may be immediately written. 

EXAMPLES. 

1. Find the fourth power of a+h, 

Ans, a*+4fl35+6fl252+4a^+ft*. 

2. Find the fourth power of a— .5. 

Ans. d*-4a3ft+6a25a— 4a53+K 

3. Find the fifth power of a+h. 

Ans, o«+5a*&+10a3&2+10fla*3-f 5a^+^. 

4. Find the fifth power of a-^b. 

Ans. a»-5a*&+10a»J«-10o2ft3+5a^— 5«. 

5. Find the sixth power of a+ft. 

6. Find the sixth power of a— &. 

Ans, a«— 6a»ft+15d*52— 20a3ft3+15a2^-6a5«+**. 

7. Let it be required to raise the binomial 3a*c^2bd to 
the fourth power. 

It frequently occurs that the terms of the binomial are 
affected with coefficients and exponents, as in the abore 



QnssT. — 89. What is the coefficient of tiie first term 1 What is the 
coefficient of the second 1 How do you find the coefficient of the third 
term 1 How do you find the coefficient of any term ? What are the 
coefficients of the ^first and last terms 1 How are the coefficients of 
terms equally distant rzom tiie extremes 1 
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•Sample. In the first place, we represent each term of the 
binomial by a single letter. Thus, we place 

So^crna;, and — 2W3ry, 
we then have 

But, a:2=9tf*c2, a?3=27o«c3, a?*=t:81a8c* ; 

and y2--4j2^^y3-__853(?3, y*=165^*. 

Substituting for x and y their values, we have 

(3a3c~25(f)*=(3a2c)4+4(3a2c)3(-2W)+6 {^a^cf (-2M)2 

+4(3a2c) (-2M)3+(~2M)S 

uid by performing the operations indicated, 

(3a3c-25i)*=81a8c*-216&VW + 216a*c262<p_96a2c53J3 

+ 165*d*. 

8. What is the square of 3o— 6J ? 

Ans, 9«3--36aA+3652 

9. What is the cube of 3«— 6y ? 

Ans, 27«3_i62«»y+324aiy3-.2163f«. 

10. What is the square of ar— y ? 

Ans. x^—2xy+y^, 

11. What is the eighth power of m-^n ? 

Ans. »|8-f8»i^»+28m6n^56m5»3+70m*n*+56ii|3n». 

4-28m?n6^8mn"'+»8. 

12. What is the fourUi power of a— 35 ? 

Ans. a*— 12a3*+54a2i2_i08a63+81i*. 

13. What is the fifth power of c— 2J ? 

Ans. c*— 10c*i+40c3rfB_80c2<i»+80«l*— 32J». 

14. What is the cube of 5a— 3(? ? 

An*. 126a3-225a2<?+135arf2-27rf3 
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Reuakk. The powers of any polynomial may easily bo 
found by the Binomial Theorem. 

IJj. For exam^e, raise a+b+e to the third power. 

First, put ... . b+e=d. 
Then, {a+l>+cy=la+df=<^+3a'd+3ad'+d'. 
Or, by sidwtituting for the value of i, 

{a+h+ey= a3+3t^b+3ai^+b^ 

3a^e+3l>'e+6ahe 

+ ^. 
This expression ia composed of the eubts of the three 
terms, plus three times the t^uare of each term by the first 
povjers of, the tino others, plus six times the product of aU 
three terms. It is easily proved that this law is true for asy 
polynomial. 

To apply the preceding formula to the development of 

the cube of a trinomial, in which die terms are affected 

vritb coefficients and exponents, designate each term by a 

single letter, then replace the letters introduced, by their values, 

asid perform the operations indicated. 

From this rule, we find thai 

(2a*— 4flJ+3J*)»=8o8— 48a«6+132a*i»— 208a»S' 

+ 1 98aW - 1 08a6*+ 276". 

The fourth, fifth, &c, powers of any polynomial can be 
found in a similar manner. 

1 6. What is the cube of a— 36+c ? 

Ans. o'-Sfts+c'— 6oi'6+3o'c+13atf'+126>c+3<K» 
, — 6ftc"— 13oic. 
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CHAPTER V. 

Extraction of the Square Root of Numbers. Forma^ 
tion of the Square and Extraction of the Square 
Root of Algebraic Q^antities. Calculus of Radicals 
of the Second Degree. 

• 

90. The square or second power of a number, is the 
product which arises from multiplying that number by itself 
once : for example, 49 is the square of 7, and 144 is the 
square of 12. 

.91. The square root of a number is that number which, 
being midtiplied by itself once, will produce the given num- 
ber. Thus, 7 is the square root of 49, and 12 the square 
root of 144: for, 7x7=49, and 12x12=144. 

92. The square of a number, either entire or fractional, 
is easily found, being always obtained by multiplying this 
number by itself once. The extraction of the square root 
of a number is, however, attended with some difficulty, and 
requires particular explanation. 



Quest. — 90. What is the square, or second power of a nmaber!-* 
01. What is the square root of a number 1 



i 
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The first ten numbers are. 



&nd tbeii sqnaiea, 

1, 4, 9, 16. 25, 36, 49, 64, 81, 100; 

and reciprocall7, the numbers of the first line are the square 
roots of the coneaponding numbers of the second. We 
may also remark that, the sqaare of a Ttiimber expressed by a 
tingU figure, loiil contain no figure of a higher denomination 
than tens. 

The numbers of the last line, 1, 4, 9, 16, &.C, and all 
otlier numbers which can be produced by the muItiplicatioB 
of a number by itself, are caRed perfect squares. 

It is obvious that there are but nine perfect squares among 
all the nmnbers which can be expressed by one or two 
figures : the square lOOts of all otlier numbers expressed 
by one or two figures, will be found between two whole 
numbers differing from each other by miity. Thus 55, 
which is comprised between 49 and 64, has for its square 
root a number between 7 and 8. Also 91, which is com 
prised between 81 and 100, has for its square root a number 
between 9 and 10. 

93. Every number may be regarded as made up of a 
certain number of tens and a certain nmnber of units. 
Thus 64 is made up of 6 tens and 4 imits, and may be ex 
pressed under the form 60-)-4. 



EST — 93. What wiU bo tbo highrnt den 



of a miraber eipreaied by a singls figure T Wlut »re perfect ■qnaieal 
How nianir are there between 1 and 100 1 What ape they 1 
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Now, if we represent the tens hj a and the units by b^ 
we shall have 

a+b =64, 

and (a+&)2=(64)2; 

or a^+2ab+b^z=z4096. 

Which proves that the square of a number composed of 
tens and units, contains the square of the tens plus twice the 
product of the tens by the unitSy plus the square of the units* 

94. If, now, we make the units 1,2, 3, 4, &c, tens, or 
units of the second order, by annexing to each figure a ci- 
pher, we shall have 

10, 20, 30, 40, 50, 60, 70, 80, 90, 100, 

and for their squares, 

100, 400, 900, 1600, 2500, 3600, 4900, 6400, 8100, 10000. 

From which we see that the square of one ton is 100, the 
square of two tens 400 ; and generally, that the square of 
tens will contain no figures of a less denomination than hun* 
dreds, nor of a higher name than thousands, 

Ex. 1. — ^To extract the square root of 6084. 

Since this number is composed of more than 
two places of figures, its roots will contain 6084 

more than one. But since it is less than 1 0000, 
which is the square of 100, the root will contain but two 
figures : that is, units and tens. 

Now, the square of the tens must be found in the two 



QoBBT. — 93. Howmayeveiy number be regarded as made up t What 
18 the square of a number composed of tens and units equal to? — 
94. What is the square of one ten equal to 1 Of 2 tens ? Of 3 
tensl &c. 
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left-hand figures, whicli we will separate from the otiier two 
by putting a point over the place of units, and a second over 
the place of hundreds. These parts, of two figures each, are 
called periods. The part 60 is comprised between the two 
squares 49 and 64, of which the roots are 7 and 8 : hence, 
7 is the figure of the tens sought ; and the required root i£^ 
composed of 7 tens and a certain number of units. 

The figure 7 being found, we 
write it on the right of the given 60 84 78 

number, from which we separate 49 

it by a vertical line: then we 7x2=14 8 
subtract its square, 49, from 60, 



1184 
1184 

which leaves a remainder of 1 1 , 

to which we bring down the two 

next figures 84. The result of this (^eration, 1184, con- 
tains twice the product of the tens hy the units, plus~the square 
of the units. 

But since tens multiplied by units cannot give a product of 
a less name than tens, it follows that the last figure, 4, can 
form no part of the double product of the tens by the units: 
this double product is therefore found in the part 118, which 
we separate from the units' place, 4. 

Now if we double the tens, which gives 14, and then di- 
vide 118 by 14, the quotient 8 is the figure of the unitSj or 
a figure greater than the units. This quotient figure can 
never be too small, since the part 118 will be at least equal 
to twice the product of the tens by the units : but it may be 
too large; for the 118, besides the double product of the 
tens by the units, may likewise contain tens arising from 
the square of the mdts. To ascertain if the quotient 8 ex- 
presses the units, we write the 8 on the right of the 14, 
which gives 148, and then we multiply 148 by 8. Thus, 
we evidently form, 1st, the square of the units; and, 
2nd, the double product of the tens by the units. This 
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multiplication being effected, gives for a i»oduct 1184, & 
number equal to the result of the first operation. Having 
subtracted the product, we find the remainder equal to : 
hence 78 is the root required. 

Indeed, in the operations, we have merely subtracted 
from the given number 6084, 1st, the square of 7 tens, or 
70 ; 2nd, twice the product of 70 by 8 ; and, 3d, the square 
of 8 : that is, the three parts which enter into the composi- 
tion of the square 70+8, or 78 ; and since the result of 
the subtraction is 0, it follows that 78 is the square root of 
6084. 

95. Remark. — The operations in the last example have 
been performed on but two periods, but it is plain that the 
same reasoning is equally applicable to larger numbers, for 
by changing the order of the units, we do not change the 
relation in which they«tand to each other. 

Thus, in the number 60 84 95, the two periods 60 84 
have the same relation to each other as in the number 
60 84 ; and hence the methods used in the last example 
are equally applicable to larger numbers. 

96. Hence, for the extraction of the square root of 
numbers, we have the following 

RULE. 

I. Separate the given number into periods of ttoo figures 
each, beginning at the right hand : — the period on the left wiU 
often contain but one figure. 

n. Find the greatest square in the first period on the left, 
and place its root on the right, after the manner of a quotient 



Quest. — 95. Will the reasoning in the example apply to more than 

two periods! 

13 
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tn division. Subtract the square of the root from the first 
period, and to the remainder bring down the second period for 
a dividend, 

III. Double the root already found, and place it on the hft 
for a divisor. Seek how many times the divisor is contained 
in the dividend, exclusive of the right-hand figure, and place 
the figure in the root and also at the right of the divisor. 

IV. Multiply the divisor, thus augmented, by the last figure 
of the root, and subtract the product from the dividend, and to 
the remainder bring down the next period for a new dividend. 
But if any of the products should be greater them the dividend, 
diminish the last figure of the root, 

y . Double the whole root already found, for a new divisor, 
and continue the operation as before, until dU the periods are 
brought down, 

97. l8t Remark. If, after all the periods are brought 
down, there is no remainder, the proposed number is a per- 
fect square. But if there is a remainder, you have only- 
found the root of the greatest perfect square contained in 
the given number, or the entire part of the root sought. 

For example, if it were required to extract the square 
root of 665, we should find 25 for the entire part of the 
root, and a remainder of 40, which shows that 665 is not 
a perfect square. But is the square of 25 the greatest per- 
fect square contained in 665 ? that is, is 25 the entiie part 
of the root ? To prove this, we will first show that, the 
difference between the squares of two consecutive numbers, is 
equal to twice the less number augmented by unity. 



QuxiT. — 96. Give the rule for extracting the square root of numbers. 
What is the first stepi What the secondl What the thirdl What 
tbefourthi What the fifthi 
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Let 


a— the less number, 


and 


. a+ 1 — • the greater. 


Then 


(a+l)2=a3+2a+l, 


and 


. (af=:a\ 



Their difference is = 2a +1 as enunciated. 

Hence, the entire part of the root cannot be augmented, 
unless the remainder exceeds twice the root found, plus 
unity. 

But 25x24-l=51>40 the remainder : therefore, 25 is 
the entire part of the root. 

98. 2nd Remark. — ^The number of figures in the root 
will always be equal to the number of periods into which 
the given number is separated. 

EXAMPLES. 

1. To find the square root of 7225. Ans. 85. 

2. To find the square root of 17689. Ans. 133. 

3. To find the square root of 994009. Ans. 997. 

4. To find the square root of 85673536. Ans. 9256. 

5. To find the square root of 67798756. Ans. 8234. 

6. To find the square root of 978121. Ans. 989. 

7. To find the square root of 956484. Ans. 978. 
6. What is the square root of 36372961 ? Ans. 6031. 
9. What is the square root of 22071204 ? Ans. 4698. 

10. What is the square root of 106929 ? Ans. 327. 

11. What is the square root of 12088868379025 ? 

Ans. 3476905. 



QuiiT. — ^98. How many figures will you always find in the root? 



t40 

99. Srd Rkkabk. — If die given snnibet has not an exaet 
root, there will be a remainder after all the periods are 
brought down, in which case ciphers may be umezed, 
forming new periods, each of which will give one decimal 
place in the root. 

1. What is the square root of 36739 T 

3 67 291191,64+. 



In this example there are 
two periods of decimals, 
which give two places of 
decimals in the root. 



3811629 
|381 
382 6124800 
I 22956 
3632 41184400 
1 153296 
31104 Rem. 



2. What is the square root of 2268741 1 

J 

3. Wh&t is the square root of 7596796 ! 

4. What is the square root of 96 ? 

5. What is the square root of 153 ? 
3. What is the square root of 101 > 



Ans. 1506^23 + . 

I 

Ans. 3756,22+. 

Ans. 9,79795+ 

Ans. 12,36931 + . 

Ans. 10,04987+ 



v.— 9V. How vitl yoa find the decimal put of lia root t 
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7. What is the square root of 285970396644 ? 

Ans. 534762. 

8. What is the square root of 41605800625 ? 

Ans. 203975. 

9. What is the square root of 48303584206084 ? 

Ans. 6950078. 

Extraction of the square root of Fractions. 

lOO. Since the square or second power of a fraction is 
obtained by squaring the numerator and denominator sepa- 
rately, it follows that the square root of a fraction will be 
equal to the square root of the numerator divided by the 
square root of the denominator. 



For example, the square root of 




is equal to 


a 

b ' 


for 


a a 
i^6 = 


a* 










1. What is the square root of 


1 ^ 
4 • 






Ans, 


1 
2* 


2. What is the square root of 


9 ^ 
16 • 






Ans. 


3 

4* 


3. What is the square root of 


64^ 
81 * 






Ans. 


8 
9* 


4. What is the square root of 


256 
361 


7 

• 




Ans. 


16 
19* 


5. What is the square root of 


16^ 
64* 






Ans, 


1 
2' 



Quest. — 100. If the numerator and denominator of a fraction are 

perfect squares, how will you extract the square root ^ 

13 
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4096 64 

6. What is the square root of . , ^- . ^ ? Ans. — — -- 

61009 <647 

•^ «rv . 1. r 582169 , ^ 763 

7. What IS the square root of - ^^.^ • ? Ans. 7-—-. 

^ 956484 978 

101. If neither the numerator nor the denominator is a 
perfect square, the root of the fraction cannot be exactly 
found. We can, however, easily find the approximate root 
For this purpose. 

Multiply both terms of the fraction by the denominator, 
which makes the denominator a perfect square without altering 
the value of the fraction. Then, extract the square root of 
the numerator, and divide this root by the root of the denomi* 
tor ; this quotient wM be the approximate root. 

3 

Thus, if it be required to extract the square root of ---, 



15 
we multiply both terms by 5, which gives — • 

We then have 

VT5 = 3,8729+ : 

hence, 3,8729+ ^ 5 = ,7745+ = Ans. 

7 

2. What is the square root of — ? Ans. 1,32287+. 

14 

3. What is the square root of -5- ? Ans. 1,24721+. 



^■w-'i ■'...- -or nil, 



Ans, 3,41869+. 



Quest.— 101. If the numerator and denominator of a fraction are not 
perfect squares, how do you extract the square root 1 
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13 

5. What is the square root of 7— ? Ans. 2,71313+. 

oo 

15 

6. What is the square root of 8— ? Ans, 2,88203+. 



»-— — »"4' 



Ans. 3,20936+. * 



102. Finally, instead of the last method, we may, if we 
please. 

Change the mtlgar fraction into a deamaly and continue the 
division until the number of decimal places is double the number 
of places required in the root. Then, extract the root of the 
decimal by the last rule. 

Ex. 1. Extract the square root of 7-7 to within* ,001. 

14 

This number, reduced to decimals, is 0.785714 to within 

0,000001 ; but the root of 0,785714 to the nearest unit, is 

,886 ; hence 0,886 is the root of* -rr to within ,001. 

14 

2. Find the \/^tt to within 0,0001. 

Ans. 1,6931+. 

3. What is the square root of — ? Ans. 0,24253+. 

7 

4. What is the square root of — ? Ans. 0,93541+. 

o 

5 

5. What is the square root of — ? Ans. 1,29099+ 



Qnn. — lOS. By wbat other mettidd may the loot be foandt 
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Extraction of the Square Root of Monomials. 

103. In order to discover the process for extracting the 
square root, we must see how the square of the monomial 
is formed. 

By the rule for the multiplication of monomials (Art 35), 
we have 

that is, in order to square a monomial, it is necessary to 
sqaare its coefficient^ and double each of the exponents of the 
different letters. Hence, to find the root of the square of a 
monomial, we have the following 

RULE. 

1. Extract the square root of the coefficient, 
II. Divide the eacponent of each letter hy 2. 

Thus, VS4a5J*=8a3i3 for, Bc^h^xBc?V^=z^Accfi¥. 

2. Find the square root* of 625o2ft8c«. Ans, 25aft*c». 

3. Find the square root of 576a*JV. Ans, 24a2^c*. 

4. Find the square root of 196«^y^;^. Ans, 14^3?yz\ 

5. Find the square root of 441a®&V<^(fi'. 

Ans, 21a*i3<^«P. 

6. Find the square root of 784a"fti V«(P. . 

Ans. Z^cfiWi^d, 

7. Find the square root of Slcfib^c^, 

Ans, 9a*5V. 



QoBiT. — 103. How do yoa extract the tquaie root of a monoinial ! 
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104. From the preceding rule it follows, that wlien a 
monomial is a perfect square, its numerical coefficient is a 
perfect square, and all its exponents even numbers. Thus, 
25a^b^ is a perfect square, but 96ah^ is not a perfect square, 
because 98 is not a perfect square, and a is affected with 
an uneven exponent. 

In the latter case, the quantity is introduced into the cal- 
culus by affecting it with the sign -v/ , and it is written 
thus: ' 

V983K* 

Quantities of this kind are called radical quantities, or tVra- 
tianal qttantities, or simply radicals of the second degree. 
They are also, sometimes called Surds. 

These expressions may often be simplified, upon the prin- 
ciple that, the square root of the product of two or more factors 
is equal to the product of the square roots of these factors ; or, 
in algebraic language, 

^y/abcd • . . =z^a . ^y/h . \/c . ^d . • . 

This being the case, the above expression, V98c6*, caa 
be put under the form 

V496*x2o=: VJSJ^X V2a: 

Now V49^ may be reduced to 76^ ; hence, 

V98H5*=762V2a: 

In like manner, 

V45^P33= V9^z^c2>r55flr==3aic vsrar, 

V864a»^c"=: V144a26V» X 66c=12aJV VSK- 
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The quantity which stands without the radical sign is 
called the coefficient of the radical. Thus, in the ezpressiont 

the quantities 76^, Zahc^ 12a&V, are called coefficients of 
the radicals. 

Hence, to simplify a radical expression of the second 
degree, we have the following 

!IUI«E. 

I. Separate the expression into two partSf of which one shall 
contain aU the factors that are perfect squares^ and the other 
the remaining ones. 

II. Take the roots of the perfect squares and place them 
before the radical sign, under which leave those factors which 
are not perfect squares, 

105. Remark.— To determine if a given number has 
any factor which is a perfect square, we examine and see 
If it is divisible by either of the perfect squares 

4, 9, 16, 25, 36, 49, 64, 81, &c; 

and if it is not, we conclude that it does not contain a fac- 
tor which \& a perfect square. 



QuiiT. — 104. When is a monomial a perfect square 1 When it ia 
not a perfect square, how is it introduced into the calculus 1 What are 
quantities of this kind called 1 May they be simplified 1 Upoa what 
principle 1 What is a coefficient of a radical % Give the rale for reducing 
radicals. — 105. How do you detennine whether a given number haa a 
flEictoir which is a perfect squarel 
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SXAMPI.E8. 



1. Reduce V75?Sc to its simplest form. 

Ans. 5a ^3abc, 

2. Reduce y'l286^a^cP to its simplest form. 

Ans. Sb^a^d^/2f. 

3. Reduce '\/32i?Pc' to its simplest form. 

Ans, 4a*6* y'2ac. 

4. Reduce '^256c?¥? to its simplest form. 

Ans. 16o5*c*. 

5. Reduce Vl?524o®F?" to its simplest form. 

Ans. 320*^3^8 y^. 

6. Reduce ^729a'^b^c^d to its simplest form. 

• Ans. 27a^^c^ ^/aSI, 

7. Reduce ^Q7bd'¥c^d to its simplest form. 

Ans. IbaWc^/ZoEi. 

8. Reduce V14455OTF to its simplest form. 

Ans. VTac^d^'^a. 

9. Reduce VlOOSaWwi^ to its simplest form. 

^n*. 12a*e|3|»*V7aJ. 

10. Reduce V2l55?^^P3" to its simplest form. 

Ans. lAa^¥c^^/n. 

11. Reduce ^A05(flfid^ to its simplest form. 

Ans. 9a3ft3 J4y3i 
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106. Since like signs in both the factors give a plus 
sign in the product, the square of —a, as well as that of 
+a, will be c^ ; hence the root of a? is either -|-fl or —a. 
Also, the square root of 25fl2i* is either '\-fiali^ or — Soi^, 
Whence we may conclude, that if a monomial is positive, 
its square roo t may be affected either with the sign + or 
— ; thus, V9a*=2fc3a2 j for^ 4-30^ or — Sa^, squared, 
gives 9«*. The double sign zfc with which the root is 
affected is read jXus or minus. 

If the proposed monomial were negative, it would be im- 
possible to extract its root, since it has just been shown thai 
the square of every quantity, whether positive or negative, 
is essentially positive. Therefore, 

are algebraic symbols which indicate operations that cannot 
be performed. They are called imaginary qtiantitiesy or 
rather imaginary expressions, and ^re frequently met with 
in the resolution of equations of the second degree. These 
symbols can, however, by extending the rules, be simplified 
in the same manner as those irrational expressions which 
indicate operations that cannot be performed. Thus, V — 9 
may be reduced by (Art. 104). Thus, 

-/::rg^= ^/gx V^=T=3 ^^-i, 

and V— 4a2= -^4^ x -/— l=2a V— 1 : also, 

V-8a2*= V4a2x -26=2/i'/=:23=:2a VSTx ^/^=^ 



Quest. — 106. "What sign is placed beforo the square root of a mono- 
mial 1 Why may you place the sign plus or minus 1 What is an ima- 
ginary quantity 1 Why is it called imaginary 1 
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Of the Calctdus of Radicals of the Second Degree. 

107. A radical quantity is the indicated root of an 
imperfect power. 

The extraction of the square root gives rise to such ex- 
pressions as -v/a, 3 -y/i, 7 •\/2, which are called irra^ 
tional quantities^ or radicals of the second degree. We will 
now establish rules for performing the four fundamental 
operations on these expressions. 

108. Two radicals of the second degree are similar^ 
when the quantities under th» radical sign are the same in 
both. Thus, S-v/^and StrV^ftfc similar radicals ; and 
so also are 9 ^2" and 7 V^T 



Addition. 

109. Radicals of the second degree may be added 
together by the following 

RULE. 

I. If the radicals are similar add their cqejlcients, and to 
the sum annex the common radical, 

II. If the radicals are not simiiar, connect them together 
with their proper signs. 

Thus, 3a ^/F+ ^c 'y/F= (3a+ 5c) v^ 



Quest. — 107. What is a radical quantity 1 What are such quantities 
eaUedl — 108. When are radicals of the second degree similar?— 
109. How do you add similar radicals of the second degree 1 How do 
you add radicals which are not similar 1 

14 
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In like maaner. 

7 V^+ 3 V2ar=(7+3) v^ar==10 v^oT 

Two radicals, which do not appear to be similar at first 
sight, may become so by simplification (Art. 104). 
For example, 

V45aF+ft V75a=4ft V3«+5* V3«=9* V^ 
and 2^/45+3^=6^^+3^=9^/5. 

When the radicals are not similar, the addition or sub- 
traction can only be indicated. Thus, in order to add 
3 /b to 5 Vaj" we write 

5VH-3v^ 

examples. 

1. What is the sum of ^27a^ and V48a2 ? 

Ans, Ta^v/sT 



2. What is the sum of yEOc^ and ^/72a^b^ ? 

Ans. llaH^ 

3. What is the sum of \/—^ and \/"T?" ' 

Ans. 4a^/T^. 



4. What is the sum of Vl25 and VsOOoM 

Ans. (5+I0a)V5r 
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5. What is the sum of Xf-TTT ^^ v/" 



? 



294 

10 ,— 

6. What is the sum of ^/M^ and V36a?2-36a2? 



7, What is the sum of -y/M^ and V^SSo*?-? 

An*. (7a+12a2a;2)V2jcr 

8 Required the sum of VtJ" and -/l^S. 

An*. 14 V^ 

9. Required the sum of ^/^ and ^\/l^. 

Arts. 10 -/TT 

/2" /W 

10. Required the sum of \/-o" *^^ V "*50~* 

11. Required the sum of 2 V^ and 3 ^dUos^. 

Ans. {2a+24x^) ^/T: 

12. Required the sum of V543 and 10^363. 

Ans. 119Vn 

13. What is the sum of y320aW and ^245cfib^ ? 

,Ans. {Sab+7a^b^)^/5. 

14. What is the sum of ^75^ and V300aW ? 

Ans. {5a^b^+lO(^b^)V^. 
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Subtraction. 

110. To subtract one radical expression from anotiheri 
we have the following 

RULE. 

I, If the radicals are similar^ subtract their coefficients, 
and to the difference annex the common radical. 

II. If the radicals are not similar^ their difference can onljf 
he indicated hy the minus sign. 

EXAMPLES. 

1. What is the difference between 3a '^ and a^y/Tt 

Here 3a-\/^— a\/^=2flvT»r Ans. 

2. From 27a VStJ^^ subtract 6a V 2762. 

First, 27flV§75^=27ai-/3r and 6a'/27P=18a6\/T; 
and 27ab^)/T'-'l8ab^=z9ab^ Ans. 

3. What is the difference of -/75 and -/48 ? 

Ans. y/lT. 

4. What is the difference of ^24a^bl^ and -/SiSH 

Ans. (2a6-352)yT' 



QusiT.-^llO. How do you subtract nmilar radieali t How do joa 
rabtnct radicals which are not similar t 
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5. Required the difference of 

Ans. -^-/IS. 

6. What is the difference of -/l28a555^ and ^32a^ ? 

Ans. (8aft— 4a*)v^ 

7. What is the difference of ^48aW and ^^/doTt 

Ans. 4od y3a6— 3 -y/aiSr 

8. What is the difference of V242a«J» and V^o^Sn 

-An*. {Ua^b^—ah)^s/2aF. 

9. What is the difference of \/-t- and \/-q- ? 



1 , 

An*. -^v3^ 

10. What is the difference of y/320a^ and ^8002" ? 

An*. 4aV5 . 

11. What is the difference between 

-v/720a3F and ^245abc^d^ ? 

-An*. (12a5— 7c(?) v'BaK 

12. What is the difference between 

VSSS?^ and V^OOOTT? 

-4n*. I2ah^. 

13. What is the difference between 

^n2tfib^ and V28?Z^ ? 

An*. 2a*63y7f 
14* 
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Multiplication. 



111. For the multiplicatioii of radicals, we have llie 
following 

RULE. 

I. Multiply the quantities under the radical signs together^ 
and place the common radical over the product, 

II. If the radicals have coefficients^ we multiply them Uh 
gether^ and place the product before the common radicaL 

Thus, VTx'/T=V^> 

This is the principle of Art. 104, taken in the inverse 
order. . 



BXAKPLES. 

1. What is the product of 3 ^/SaS and 4 VSSol 

Ans, 120a-v/Trr 

2. What is the product of 2a \/Sc and 3a y^^ ? 

Ans. Sa^bc 

3. What is the product of 2a^a^+h* and — Saya^+ft^t 

Ans. — 6a2(a2+63) 



Quest. — 111. How do you multiplj quantities which are Tinder ladi 
cal signs 1 Whea the radicals have coefficients, now 4o yon multqily 
themi 
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4. What is the product of S'/a'aod 2^81 

Ans. 24. 

5. What is the product of fV|^ ^d ^ V??S ? 

6. What is the product of 2x+ v^ &Rd 2a?— v^ ? 

Ans, 4«*— ft* 

7. What is the product of 

Va+iV* and Va— 2^6? 

8. What is the product pf aa^/STfl? by -/§« ? 

Aiw. 9a3'/6r 

Dtvmon. 

112. To divide one radical by another, we have the 
following 

RULE. 

I. Divide one of the quantities under the radical sign by the 
other, and place the common radical over the qtiotient, 

II. If the radicals have coefficients, divide the coefficient of 
the divi^lend by the coefficient of the divisor, and place the 
quotient before the common radical. 



QtrssT. — 112. How do yoa divide quantities which are under the 
adical sign 1 When the radicals hare coefficients, how do you divids 
themi 
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Thus, ; =\/--- ; for the squares of these two 

expressions are equal to the same quantity — ; hence 
the expressions themselves must be equal. 



EXAMPLES. 

1. Divide Sa-v/r by ^h^y/c, Ans, oTv/ — • 

2. Divide 12acV6Jc by 4c ^^2F. Ans. 3a-v/3c. 

3. Divide ea'j/dSF by 3y/SI^. Ans. 4ah^. 

4. Divide 4a^^^/EW by 2a^^^. Ans. 2^v^- 

5. Divide 26a3ft-/STa^ by IdaVSoT 

Ans. Sa^'^ah, 

6. Divide 84a3ft*V275c by 42ab^/3a: 

Ans. 6o2j3yj 

7. Divide -/P by ^. Ans. {a 

8. Divide 6a^l)^'y/20l? by 12 -/Sa. ^ns- (^^ 

9. Divide Ga-ZTOJ^ by 3 -/ST -Afw. 2a5-/2 

10. Divide 48^*^15' by 2^VS^ -A*mv 360^ 

11. Divide Sa^h^i^y/W by 2aV'28r 

12. Divide QGa^c^VoSF' by 48a5cV25r 



r 
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13. Divide 27a»&« ^/%y? by VtST 

Aiw. 27tf»MV3. 

14. Divide \^<]^\^^/^ by 6a5V«^ 

To Extract the Square Root of a Polynomial. 

113. Before explaining the rule for the extraction of 
the square root of a polynomial, let us first examine the 
squares of several polynomials : we have 

{a+b+cY=a^+2ab+lyi+2{a+b)e+c^, 

{a+b+c+d)^:=za^+2ab+b^+2{a+b)c+c^ 
^2{a+b+e)d+d^. 

The law by which these squares are formed can be enun- 
ciated thus : 

The square of any polynomial contains the square of the 
first term, plus twice the product of the first term by the second^ 
phis the square of the second ; phis twice the first two terms 
muUipUed by the third, plus the square of the third ; phis twice 
the first three terms multiplied by the fourth, plus the square 
cf the fourth; and so on. 



QxTBST. — 113. What is the tqwe of a binomial equal tol "What 
is the square of a trinomial equal tol What is the square of anv 
polynomial equal to 1 
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114. Hence, to extract the square root of a polynomial 
we have the following 

RULE. 

I Arrange the polynomial wUh reference to one of its Utters 
and extract the square root of the first term : this will give the 
first term of the root, 

II. Divide the second term of the polynomial by double the 
first term of the root, and the quotierU vnU be the second term 
of the root, 

III. Then form the square of the two terms of the root 
found, and subtract it from the first polynomial, and then 
divide the first term of the remainder by double the first term 
of the root, and the quotierU will be the third term, 

TV. Form the double products of the first and second terms, 
by the third, plus the square of the third ; then subtract aU 
these products from the last remainder, and divide the first 
term of the result by double the first term of the root, and the 
quotient will be the fourth term. Then proceed in the same 
manner to find the other terms, 

EXAMPLES. 

1« Extract the square root of the pol3momial 
49fl«52-24a534.25a*-30a3i+16M. 
First arrange it with reference to the letter a, 

5a2— 3od+4^ 



25(1*— 30(i35+49a3^-24a*3 + 1 6i* 
25(1*— 30a»5+ 9a^b^ 



lOa^ 



40a262— 24fl53+ 1 65* Ist Rem. 
40fl252-24a534.16M 

. . . 2d Rem. 
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After haTing arranged the polynomial witli reference to a, 
extract the square root of 25a^, this gives 5a^, which is 
placed at the right of the polynomial ; then divide the 
second term, —SOc^b, by the double of 5a^, or lOo^ ; the 
quotient is Sab, and is placed at the right of 5a^. Hence, 
the first two terms of the root are 5a^—3ab. Squaring this 
binomial, it becomes 25a^'-30cfib+9a^b^, which, subtracted 
from the proposed polynonual, gives a remainder, of which 
the first term is 40a^6^. Dividing this first term by lOa^, 
(the double of 5a^), the quotient is +4^^; this is the third 
term of the root, and is written on the right of the first two 
terms. By forming the double product of 5a^—3ab by ib'^, 
and at the same time squaring 4b\ we &ad the polynomial 
40o2J2__24a&3+165*, which, subtracted from the first re- 
mainder, gives 0. Therefore 5a^—3ab+4b^ is the required 
root. 

2. Find the square root of a^+4a^x+6a^x^+4ax^+x^, 

Ans. a2+2aa?4-«^. 

3. Find the square root of d^-^4e^x+6<»^a^^4ax^-\-x^, 

Ans, a*— 2(Mp+«*. 

4. Find the square root of 

4aj«+ 12aj»+5a:*— 2a?3+7aj2--2a?+ 1. 

Ans. 2a;3+3a?2— a?+l. 

5. Find the square root of 

9(1*— 12a35+28a2^— 16a53+16^. 

Ans. 3fl2— 2a5+4R 



Quest. — 114. Give the rule for extracting the square root of a poly- 
nomial 1 What is the first step t What the second 1 What the third ^ 
What the fourth] 
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6. What is the square root of 

Ans. a^ — 2ax — 2. 

7. What is the square root of 

9a:2_12a?+6iry+y2—4y-|-4. 

Ans. 3a:+y--2. 

8. What is the square root of y*— 2y2aa+2a58— 2y»+ 1 
+**• Ans. y^^a^^l. 

9. What is the square root of %<j^¥''Z0a^h^+2^a^li^ ? 

Ans. ia^h^—^db. 

10. Find the square root of 

25(i*52-40a3^2^+76a2^ca— 48a5V+36ft2(ri— 30a*5c 
+ 24a36c2 — 36a25c3 + 9a*c2. 

Ans. ba^h—ZaH—Aabc +6*c». 

116. We will conclude this subject with the following 
remarks. 

1st. A binomial can never be a perfect square, since we 
know that the square of the most simple polynomial, viz : 
a binomial, contains three distinct parts, which cannot ex- 
perience any reduction amongst themselves. Thus, the 
expression c^+lf^ is not a perfect square ; it wants the term 
dt2ah in order that it should be the square of ad: 6. 

2nd. In order that a trinonlial, when arranged, may be a 
perfect square, its two extreme terms must be squares, and 
the middle term must be the double product of the square 
roots of the two others. Therefore, to obtain the square 
root of a trinomial when it is a perfect square ; Extract the 
roots of the two extreme terms, and give these roots the same 
or contrary signs, according as the middle term is positive or 
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negative. To verify it^ see if the double product of the two 
roots gives the middle term of the trinomial. Thus, 

9a^— 48a*^2+64a26* is a perfect squarey 
since -/9o5=3a3, and VS4a^=— 80^2, 

and also 2 x 3a3 x — 8a52= — 480*52= the middle term. 

But 4a2-|.i4a5-f 9&2 |s hq^ ^ perfect square : for although 
4a2 and -4-9^2 ^re the squares of 2a and 35, yet 2 X 2a x 35 
is not equal to 14a5. 

3rd. In the series of ope^rations required in a general ex- 
ui^le, when the first term of one of the remainders is not 
exactly divisible by twice the first term of the root, we may 
conclude that the proposed polynomial is not a perfect 
square. This is an evident consequence of the course of 
reasoning, by which we have arrived at the general rule for 
extracting the square root. 

4th. When the polynomial is not a perfect square^ it may 
be simplified (See Art. 104.) 

Take, for example, the expression ^a^b -{-^a^Xi^+^ab^. 

The quantity under the radical is not a perfect square ; 
but it can be put under the form ah^a^+iiab+Ah^). Now, 
the factor between the parenthesis is evidently the square 
of a-\'2by whence we may conclude that, 

^/a^b+AaW+A.al^^{a+2b) y/aS. 
2. Reduce 2a%—Aah'^'\-2b^ to its simple form. 

Ans. {a^b)^/W. 

QxTBST. — 115. Can a binomial ever be a perfect power 1 Why not t 
When is a trinomial a perfect power 1 When, in extracting the square 
root we find that the first term .of the remainder .is divisible by twice the 
loot, ii ihe poh^omial a perfect power or not 1 

15 
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CHAPTER VI. 

Equations of the Second Degree. 

1 1 6. An equation of the second degree is an equation 
involving the second power of the unknown quantity, or the 
product of two unknown quantities. Thus, 

a^z^a^ aap^+fta?=c, and a?y=(P, 

are equations of the second degree. 

117. Equations of the second degree are of two kinds, 
viz : equations involving two terms, whicjh are called incom- 
plete equations ; and equations involving three terms, whick 

are called complete equations. Thus, 

t 
a?=za and ax^^:zh, 

are incomplete equations ; and 

i^+2ax-=h, and aa^-^- hx=d, 

are complete equations. 



Quest. — 116. What is an equation of the second degree 1 — 117. How 
many kinds are there 1 What is an incomplete equation 1 What is • 
coniplete equation 1 
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118. When we speak of an equation inyolving two 
tenns, and of an equation involving three terms, we under- 
stand that the equation has been reduced to its simplest 
form. / , 

Thus, if we have the equation 

3a!2+4aj3— 4=6, 

although in its present form there are four terms, yet it may 
be reduced to an equation containing but two. For, by 
addhig 3a^ to Aa^ and transposing —4, we have 

7a2=10. 

Also, if we have 

3aj3+5a?+7a?+5=9, 

we get by reducing 

3aj3+12a?=4, 

an equation containing but three terms. 
* Again, if we take the equation 



we have 



{a+h)x^=f-^d and »^='^r^f 



an equation of two terms. 



QvBST. — 118. When you speak of an equation inTolying two terms, 
do you speak of the equation after it has been reduced, or before 1 When 
you speak of an equation of three terms, is it the reduced equation to 
which you refer 1 To what forms, then, may every equation of the second 
degree be reduced 1 
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Afeo, if we have aat^+da^+fx+bz^e 

we obtain {a+d)!t^+f»=e^h, 

and consequently 

an equation of three terms. 

Hence we may conclude : That every equatUm of im 
second degree may he reduced, to an incomplete equation ttwoh^ 
ing tuH) terms, or to a complete equation involving three terms, 

Cf Incomplete Equations. 

1. What number is that which being multiplied by itself 
the product will be 144. 

Let ff = the number : then 

«X«=a*=144. 

It is plain that the value of x will be found by extracting 
the square root of both members of the equation : that is 

^/x^ -v/ni : that is, a?=12. 

2. A person being asked how much money he had, said 
if the number of dollars be squared and 6 be added, the sma 
will be 42 : How much had he ? 

Let «= the number of dollars. 

Then by the conditions 

«2+6s=42: 

hence, ff3=:42**6=36 and «=6. 

Ans. $6. 
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3. A person being asked his age said, if from the. square 
of my age you take 192^ the remainder will be the square 
of half my age : what was his age ? 

Denote his age by x. 

Then, by the conditions of the question 



<.^.-192=(l«)--. 



and by clearing the fractions 

4^2— 768=012. 

hence, 4ar2— ap2=768, 

and 3^2=768 

a:2=:256 
« == 16. 



Ans. 16. 



119. There is no difficulty in the resolution of an equa- 
tion of the form ax^z=b. We deduce from it ap2-. — 

a 



whence 



*=\/7- 



When — is a particular number, either entire or frac- 
tional, we can obtain the square root of it exactly, or by ap- 
proximation. If — is algebraic, we apply the ndes estab- 
lished for algebraic quantities. 



Quest. — 119. How do you resolve an incomplete equation 1 

16* 
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Hence, to find the value of x we hare the following 

RULE. 

I. Find the value ofx^. 

II. Then extract the square root of both members of the 
equaHon. 

4. What is the value of « in the equation 

3aj3+8=5a3-.10. 

By transposition 30?^— 5aB*= —10—8, 
by reducing — 205^ = — . 1 8, 

by dividing by 2 and changing the signs 

by extracting the square root «=:3. 

We should, however, remark that the square root of 9, 
is either +3, or —3. For, 

+3x+3=:9 and — 3x— 3=9. 

Hence, when we have the equation 

«2=9, 

we have «=r+3 and «=— 3. 

1 20. A root of an equation is such a number as being 
substituted for the unknown quantity, will satisfy the equa- 
tion, that us, render the two members equal to each other. 
Thus, in the equation 

«3=9 

there are two roots, +3 and — 3 ; for either of these 
numbers being substituted for x will satisfy the equation. 
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5. Again, if we take the equation . 

we sliall have 

xz= + \/ — and «=— v— . 
^ a y a 

For, ox| +\/-r I =*> o' *X — =5, 






and ax| — \/-t- I =^) o^^ «X — =&. 



Hence we may conclude, 

1st. That every incomplete equation of the second degree 
has two roots. 

2nd. That those roots are numerically equal hut have con- 
trary signs, 

6. What are the roots of the equation 

3aj2+6=4it2-10. 

Ans, af=:+4 and «=— 4. 

7. What are the roots of the equation 

1 a;2 

— a;2-8=— +10. 
3 9 ^ 

Ans. xzz:+9 and »=r— 9. 



Quest. — ^120. What is the root of an equation 1 What are t|ie zoots 
of the equation x9=9 1 Of the equation (u^=b ? How many roots has 
every incomplete equation 1 How do those roots compare with each 
other 1 
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8. What are the n>ots of the equation 

6r»-7=3«2+5. 

Ans, a=+2, a?= — 2. 

9. What are the roots of the equation. 

8+5«2=:^+4a2+28. 

Ans. x=z+5, «=— 5. 

10. Find a number such that one-third of it multiplied 

by one-fourth shall be equal to 108 ? 

Ans. 36. 

1 1 . What number is that whose sixth part multiplied by 
its fifUi part and product divided by ten, shall give a quo- 
tient equal &> 3 ? 

Ans. 30. 

12. What number is that whose square, phis 18, shall be 
equal to half its square plus 30^. 

Ans. 5. 

13. What numbers are those which are to each other as 
1 to 2 and the difference of whose squares is equal to 75. 

Let x= the less number. 

Then 2xz=: the greater. 

Then by the conditions of the question 

4x^—af^=75, 

hence, 3j:2=75 ; 

and by dividing by 3, a^z:z25 and «=5, 

and 2«=10. 

Ans. 5 and 10. 
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14. What two numbers are those which are to each other 
as 5 to 6, and the difference of whose squares is 44. 

Let «= the greatest number. 

Then -^xz=: the least, 
o 

By the conditions of the question 

by clearing fractions, 

36«2— 25a:3=:1584 ; 
hence» ll«3=1584, 

and «^=144, 

hence, x =12, 

and -r-a =10. 

o 

Ans. 10 and 12. 

15. What two numbers are those which are to each 
oth^r as 3 to 4, and the difference of whose squares is 28 ? 

Ans, 6 and 8. 

16. What two numbers are those which are to each other 
as 5 to 11, and the sum of whose square is 584 ? 

Ans. 10 and 22. 

17. A says to B, my son's age is one quarter of yours, 
and the difference between the squares of the numbers re- 
presenting their ages is 240 : what were their ages ? 

^^^^ ^ Eldest 16. 



( Younger 4. 
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When there are two unknown quantities, 

121. When there are two or more unknown qoantitiefl, 
elimitMte one of them by the rule of Article 77 : there unU 
thus arise a new equation with but a single unknown quantity^ 
the vcdue of which may be found by the rule akeady given, 

1. There is a room of such dimensions, that the differ- 
rence of the sides multiplied by ihe less is equal to 36, and 
the product of the sides is equal to 360 : what are the 
sides T 

Let 'x=z the less side ; 
y= the greater. 

Then, by the 1st condition, 

(y— «)«=36 ; 
and by the 2nd, a^=360. 

From the first equation, we have 

ary— a2=:36 ; 

and by subtraction, ac^=324. 

Hence, af=-v/324= 18 ; 



360 „^ 
v= =20. 



Afw. a7=18,y=20. 



QuBBT. — 121. How do you resolve the equation when there are two 
or more unknown quantitiee 1 
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2. A merchant sells two pieces Of muslin, which together 
measure 12 yards. He received for each piece just so 
many dollars per yard as the piece contained yards. Now, 
he gets four times as much for one piece as for the other : 
how many yards in each piece ? 

Let x=z the number in the larger piece ; 
y= the number in the shorter piece. 

Then, by the conditions of the question, 

a?+y=12. 

a?X«=a?^= what he got for the larger piece ; 

yXy=y^=^ what he got for the shorter. 
And 07^=4^^ by the 2nd condition. 

X =2y, by extracting the square root 

Substituting this value of re in the first equation, we hav« 

y+2y=12; 

and consequently, y= 4, 

and ff= 8. 

Ans. 8 and 4. 

3. What two numbers are those whose product is 30, and 
quotient 3^ ? Ans. 10 and 3. 

4. The product of two numbers is a, and their quotient 
b : what are the numbers ? 



Ans. -v/aS^andiZ-T- 



5. The sum of the squares of two numbers is 117, and 
ihe difference of their squares 45 : what are the numbers ? 

Ans. 9 and 6. 
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6. The sum of the squares of two numbers is a, and the 
difference of their squares is h : what are the numbers ? . 

7. What two numbers are those which are to each other 
as 3 to 4, and the sum of whose squares is 225 ? 

Ans, 9 and 12. 

8. What two nmnbers are those which are to each other 
as m to n, and the sum of whose squares is equal to a^ ? 

ma na 

9. What two numbers are those which are to each other 
as 1 to 2, and the difference of whose squares is 75 ? 

Ans. 5 and 10. 

10. What two numbers are those which are to each other 
as III to n, and the difference of whose squares is equal 

to l^% 

mb nb 

V«»^— «^ ' Vi»* — «* ' 

11. A certain sum of money is placed at interest for six 
months, at 8 per cent, per annum. Now, if the amount be 
multiplied by the number expressing the interest, the pro- 
duct will be 562500 : what is the amount at interest. ? 

Ans. $3750. 

12. A person distributes a sum of money between a num- 
ber of women and boys. The number of women is to the 
number of boys as 3 to 4. Now, the boys receive one- 
half as many dollars as there are persons, and the women 
twice as many dollars as there are boys, and together they 
receive 138 dollars : how many women were there, and 

how many boys ? 

36 women 

48 boys. 



{ 



i 
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Of complete Equations, 

1 22. We have already seen (Art 117), that a complete 
equation of the second degree, after it has been reduced, 
contains three terms, tiz : the square of the unknown 
quantity in the first term ; the first power of the unknown 
quantity in the second term ; and a known quantity, in a 
.third term. 

Thus, if we have the equation 

5a?2— 2aj2+8=9a:+32, 

v. 

we have, by transposing and reducing, 

3aj3— 9a;=:24, 
and by dividing by 3, 

ar^— 3aj=8. 
which contains but three terms. 

2. If we have the equation 

c^oi? 4- 2ahx + «^ = c« + (i, 

by collecting the coefiSicients of o^ and ar, we have 

and dividing b>y the coefficient of a;^, we have 

„ . 3a5— c d 



a2+i ""02+ 1' 



QuBST. — 188. How many tenns does a complete equAQon of tho 
lecond degree contain 1 Of wfa«t is the fiist tenn composed 1 Thft 
second 1 The third 1 

16 



174 ELBMBNTARY ALGEBRA. 

If we represent the coefficient of x by 2p, and the known 
term by 9, we have 

X^+2px=q, 

an equation containing but three terms ; and we see, from 
the above examples, that every complete equation of the 
second degree may be reduced to this form. 

123. We wish now to show that there are four forms 
under which this equation will be expressed, each depend- 
ing on the signs of 2p and q, 

1st. Let us for the sake of illustration, make 

2p=+4, and 5^=4-5: 
we shall then have x^+^^^d* 
2nd. Let us now suppose 

2p=— 4, and y=+5: 
we shall then have ae^~42e=5. 
3rd. If we make 

2|?r=+4, and ^'zs— 5, 
we have 7^-\-^x-=z—b, 

4th. If we make 

2p=— 4, and 5^= — 5, 

we have a:^— 4aj=— 5. 



QtTvsT. — 123. Under how many fonns may eyeiy equation of die 
second degree be expressed 1 On what will these forms depend \ What 
are the signs of the coefficient of x and the known term, in the first 
forml What in the second 1 What in the diiid 1 What in the fourth! 
Repeat the four forms. 
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We therefore conclude that every complete equation of 
the second degree may be reduced to one of these forms : 

a?^+ 2pa?= +q, 1 st form, 

fic^— 2p«=+5', 2nd form. 

a:2+2pa?=— 5^, 3rd form. 

a?2— 2pa;=— j', 4th form. 

1 24. Remark. — If, in reducing an equation to either of 
these forms, the second power of the unknown quantity 

* should have a negative sign, it must be rendered positive 
by changing the sign of every term of the equation. 

125. We are next to show the manner in which the 
value of the unknown quantity may be found. We have 
seen (Art. 38), that 

and comparing this square with the first and third forms, we ^ 
see that the first member in each contains two terms of the 
square of a binomial, viz : the square of the first term plus 
twice the product of the 2nd term by the first. If, then, we 
take half the coefficient of x, viz : p, and square it, and add 
to both members, the equations take the form 

a;2+2pap+/>*=5' +pl^, 
in which the first members are perfect squares. This is 



QmesT. — 124. If in reducing an equation to either of these forms the 
coefficient of z* is negative, what do you do 1 — 126. What is the square 
of a binomial equal to 1 What does the fir^t member in each form con- 
tain 1 How do you render the first member a perfect square 1 What is 
thiscaUedl 
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called completing the square. Then, by extracting the 
sqnare root of both members of the equation, we hare 

and x+p=z ± ^—q+p^, 

which gives,- by transposing p, 



126. If we compare the second and fourth forms with 
the square 

we also see that half the coefficient of x being squared and 
added to both members, will make the first members perfect 
squares. Having made the additions, we have 

Then, by extracting the square root of both members we 
have 

a?— ;>=±y7+pr 

and x—p=z ± ^—q+p^ ; 

and by transposing — p, we find 

x=zp =fc V?+?, 
and «=/) d= V—g+p^ 



QtJBST. — 1S6. In the second form, how do joa make the lint mmn- 
ber a pecfect square t 
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1 27. Hence, for the resolution of every equation of the 
econd degree, we have the following 

RULE. 

I. Reduce the eqttatian to one of the known forms. 

II. Take half the caeffiderU of the second term, square it, 
and add the result to both members of the equation, 

III. Then extract the square root of both members of the 
equation ; after which, transpose the known term to the second 
member. 

Remark. — ^The square root of the first member is always 
equal to the square root of the first term, plus or minus half 
the coefficient of x, 

EXAMPLES' IN THE FIRST FORM. 

1. What are the values of re in the equation 

If we first divide by the coefficient 2, we obtain 

aj3+4a?=32. 
Then, completing the square, 

aj3+4a?+4=32+4=36. 
Extracting the root, 

ap+2=:=fc'v/36"=4-6 or —6. 
Hence, a5=--2+6=+4; 

or, «=— 2— 6=— 8. 



QuBST. — 127. Give the general rule for resolTing an equation of the 

second degree. What is the first step % What the second ? What tha 

third 1 What is the square root of the first member always equal to * 

16* 
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lliat is, in this fonn the smaller root is positive, and tlie 
larger negative. 

Verification, 

Jf we take the positive value, viz : a; =+4, 
the equation a^+4a;=32 

gives 42+4x4=32: 

ftnd if we take the negative value of oc, viz : a;±c —8, 
the equation a^+ix=:32 

gives (-8)«+4(-8)=64-33=32. 

From which we see that either of the values of Xf viz s 
«=+4 or 0?=— 8, will satisfy the equation. 

2. What are the values of or in the equation 
3a!2+12a;— 19=-a;2_i2a;+89 ? 
By transj^sing the terms, we have 

3a^+a;'^+12a?+12a;=89+19: 

and by reducing, 

4ic2+24«=108; 

and dividing by the coefficient of x^, 

a^+6a?=27. 

Now, by completing the square, 

a^+6x +9=36; 
extracting the square root, 

a?+3=±V36=+6 or —6: 
hence, a?=+6— 3=+3; 

or, «=— 6— 3=— 9. 
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Verification. 
If we take the plus root, the equation 

gives (3)2+6(3)=27; 

and for the negative root, 

a!3+6a?=27 
gives (-9)»+6{-9)=81-64=:27. 

4. What are the values of or in the equation 

a?— 10a;+ 15=^— 34«+ 155, 

5 

By clearing the fractions, we hate 

5ar5-50a;+75=:a2-170a:+775 : 

by transposing and reducing, we obtain 

4aj2-f 120af=:700; 

then, dividing by the coefficient of a;^, we have 

a:2+30a?=175; 

and by completing the square, 

i»2+30aj+225=:400; 

and by extracting the square root, 

a;+15=:±V400=+20.or —20. 

r 

Hence, ap=+5 or —35. 

Venfioation. 
For the plus value of a?, the equation 

«2+30aj=175 
gives (5)2+30x5=25+150=175. 
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And for the negatLve value of «, we have 

(-_35)2+30(-.35)=:1225-1050=175. 

5. What are the values of « in the equation 

6 2^4 3 ^12 

Clearing the fractions, we have 

10«2— 6a;+9=96— 8«-12a?+273 ; 

transposing and reducing, 

22a;2+2ap=:360; 
dividing both members by 22, 

2 360 



22 22 

1\2 



Add T— j to both members, and the equation becomes 

^22 ^\22/ 22 ^\22/ ' 
whence, by extracting the square root, 

,1 ^ 7360 , / 1 \' 
*+22==^V-2r+(22)' 

therefore, 

*"^~22'^ V~2r'^\M) ' 

and .= _l_./^VflV 

22 V 22 ^\22/ 
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It remains to perform the numerical operations. In the 
first place, "^+(99 ) ^^^^ t)e reduced to a single num- 
ber, having (22)^ for its denominator. 

N 360/1 Y 360x2a + l _7921 

' 22 "^W^ (22)2 ""(22)2' 

extracting the square root of 7d21, we find it to be 89; 
thereforei 



/360 . / 1 V . 89 



Consequently, the plus value of x is 

__J_ 89_88_ 
*"■ 22"^22""22"" ' 

and the negative value is 

1 89 45 



22 22 11' 

that is, one of the two values of x which will satisfy the 
proposed equation is a positive whole numberi and the other 
a negative firaction. 

6. What are the values of a; in the equation 

3^+2«-^9t=76. 

(a?=— 5|. 

7. What are the values of x in the equation 

2«3+8a?+7=-T r-+197. ^ 

4 8 



Ans, < 

«a=-llAr. 
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8. What are the values of a? in the equation 



ac^ OB •* _ 

_«_+15=_^8a.+95l. 



J, % a?=9 
AnSn 






64} 

9. What are the values of ap in the equation 

x^ 5x ^ X « . ^, 

n 

10. What are the values of « in the equation 



Ans, 5 



SD* X X* X .13 

"2""^T'^T""lO"*'20* 



Ans, \ 



«=1 

2*^ 



EXAMPLES IN THE SECOND FORM. 

1. What are the values of a; in the equation 

»»— 8a;+10=19. 
By transposing, 

a^— 8a:=19— 10=9, 
then by completing the square 

a!a—8a?+ 16=9+ 16=25, 
and by ei^acting the root 

ap— 4=db V25"=+5 or —6. 
Hence, ' ^ 

a?=4+5=9 or a!=4— 5=— 1. 

That is, in this form, the largest root is positive and the 
smaller negative. 
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Verificatim, 

If we take the positive value of x^ tlie equation 
«3-8a?=r9 gives (9)2-8x9=81—72=9; 

« 

and if we take the negative value, the equation 

«3— 8a?=9 gives (-l)a-8(-l)=l+8=9; 

from which we see that both values alike satisfy the equa- 
tion. 

2. What are the values of « in the equation 

-+--15=-+«-143. 

By clearing the fractions, we have 

6a:2+4«— 180=3a:2+12«— 177 
and by transposing and reducing 

3a!*— 8ap=3, 

and dividing by die co-efficient of a:^, we obtain 

Then, by completing the square, we have 

^ 8 . 16 , , 16 25 

and by extracting the square root. 



4 

« r-= 




Hence, 



4 6^ 4 

«=-— +-;r-=+3, or a?=- 



3 ' 3 • ' 3 
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VerificaUan. 
For the positive value of a;, die equation 

8 

gives 3* — --X 3=9— Ssl : 

and for the negative value, the equation 

r» — ^=1 

<5 

/ 1 \» 8 ^ 1 18 , 

3. What are the values of dp in the equatioii 

--^+7f =8 t 

Clearing the fractions, and dividing by the coefficient of 
a^i we have 

«* — ^=1J. 
Completing the square, we have 

g2^ — x4 =14.H = — ; 

3 ^9 *^9 36' 

tfaeui by extracting the square root, we have 




7 



hence, 



1,79,, 17 6 
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Verification. 
If we take the positive value of x^ the eqoaticm 

gives (ii)a_|.XlJ=2}--l=lJ : 

and for the negative value, the equation 

a^— 3^=li 

4. What are the values of x in the equatian 

4a3-2ar5+2a«=18a5-185a ? 

By transposing, changing the signs, and dividing by 3, it 
becomes 

whence, comjdeting the square, 

aA^ax+^=~ 9ab+W ; 

\ 4 4 

extracting the square root, 
Now, the squaire root of -; — dab+W, is evidently 

4 

-r — 3h. Therefore, 
2 

a?=— dbf-; — 3&), or ] , ' 

2 \2 / < a?=— a+35. 

17 
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What will be the numerical values of a?, if we suppose 
a=6 and b=l ? 

5. What are the values of re in the equation 

Ans i *^ '''^^ \ ^ within 
fa?=-5,73J 0,01. 

6. What are the values of « in the equation 

8a^~14a;+10=2aj+34 ? 

Ans. ^^= 3. 

7. What are the values of a; in the equation 

- — 30+a?=2a?-22 ? 

Ans. \^= ^• 

8. What are the values of a; in the equation 

Ans. l^= ^' 

9. What are the values of « in the equation 

2aa?— i»2=— 2ai— ftM 

Ans. J*= ^^+^' 
10. What are the values of a; in the equation 

a2+ft2-.2fta;+ar2=— 5- ? 



w 



Ans, •< 



n^'—m^ \ / 
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EXAMPLES IN THE THIRD FORM. 

1. What are tlie values of a; in the equation 

a?2+4a;=— 3 ? 
First, by completing the square, we have 

ar8+4a?+4=— 3+4=1 ; 
and by extracting the square root, 

a?+2==hVT= + l or —1: 
hence, aj=— 2+1 = — 1 ; or a;=— 2— 1 =— 3. 
That is, in this form both the roots are negative. 

Verification, 
If we take the first negative value, the equation 

gives (-l)2+4(-l)=l-4=-.3 ; 

and by taking the second value, the equation 

a;2+4a;=— 3 
gives (_3)2_|_4(_a)=9— 12 = -3: 

hence, both values of x satisfy the given equation. 

2. What are the values of x in the equation 

* — 5a;-16=12+4-«2+6ar. 



2 '2 

By transposing and reducing, we have 

— a!2— lla;=28; 

then since the coefficient of the second power of x is nega- 
tive, we change the signs of all the terms which gives 

a2+llar=-28, 



4> 
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then by completing the square 

r»+lla?+30,25=2,25, 
hence, 

«+5,5=:d=-v/2;25^+l,5 or —1,5. 

consequently, 

«=— 4 or «=— 7. 

3. What are the values of « in the equation 

x^ 7 

.2«— 5=-^a»+5«+5. 



8 8 



^n5. 






4. What are the values of « in the equation 



2«»+8«= —2}— — «. 



,«=— 4 



<«=:— 4 



5. What are the values of « in the equation 

o 



^ { :::». 



6. What are the values of « in the equation 



3 4a^ 
_«a-4-— «=— +24a!+2. 

4 « 



A«. * *=-« 



7. What are the values of « in the equation 
*i-«»+7«+20= -!.«*- lla?-6a 

\x=— 8. 
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8. What are tlie values of or in the equation 



Ans. \ _ 



6 '2 « 6 2 

9. What are the values of a; in the equation 
_a:2+5aj+_=-_a:2_5^a.__. 

«=-10 

10. What are the values of « in the equation 

aj— 352— 3=6ar+l. 

Ans. { *— — 
i «= — 1. 

11. What are the values of a; in the equation 

aJi4.4a!-90=-93. 

Ans.i^=-^ 
(«=— 1 

EXAMPLES IN THE FOURTH FORM. 

1. What are the values of a; in the equation 

a^— 8a?=— 7. 
By completing the square we have 

a^»-8a;+16=:-7+16z=9 ; 
then by extracting the square root 

a;— 4=d='v/9^+3 or —3; 

hence, 

ar=+7 or a;=+l. 

That is, in this form, both the roots are positive. 

.17* 
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VerificaUan, 

If we take die largest root, the equation 
«>— 8a?=— 7 gives 72—8x7=49— 56= —7; 
and for the smaller, the equation 

aj3_8a.--_7 gives' P-8x l=l-8=-7: 
hence, both of the roots will satisfy the equation. 

2. What are the values of or in the equation 

40 
-liaa+3«-10=liaa-18a?+^- 

By clearing the fractions, we have 

— 3«a+6»— 20=3«3— 36aj+40; 

then by collecting the like terms 

— 6a2+42a?=60 ; 

then by dividing by the coefficient of o^, and at the same 
time changing the signs of all the terms, we have 

a2— 7a?=— 10. 

By completing the square, we have 

a^—7«+ 12,26=2,25, 

and by extracting the square root of both members, 

a?— 3,5=± V2,25= + l,5 or —1,5. 
hence, 

a=3,5+l,5=5, or «=3,5— 1,5=2 
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Verificatum. 

If we take the larger root, the equation 
a3-.7a.=:— 10 gives 52-7 X 5=25-35=— 10 ; 
and if we take the smaller root, the equation 

aj2_7aj=:-.io gives 23— 7x2=4-14=— 10. 

3. What are the vdues of a? in the equation 

-3ar+2a:2+ 1 =17|a?— 2ar8— 3. 

By transposing and collecting the terms, we have 

4«2— 20|a?=— 4; 

then dividing by the coefficient of a? we have 

aj»— 5jaj=— 1. 

By completmg the square, we obtain 

« -. .169 _ , 169 144 
*^"-^^+25=-^+-25-=25-' 

and by extracting the root 

«'-=»*=^\/¥"= 

hence, 

af=2f+y=5; or, a:=2f-y=y. 

Venfication. 

If we take the larger root, the equation 
a2-5ia:=-l gives 52— 5ix6=25--26=— 1 ; 
and if we take the smaller root, the equation 

^^5ia.= -l gives (_) -5ix y =---=- 1. 



, 12 12 

f— or — — 
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4. Wliat are the values of a; in the equation 
T^ 2 7^4 4 



5a?=3. 



Ans 

5. What are the values of a; in the equation 

-4«2-^+l|=-.5«2+8a;? 

Ans, { - 

6. What are the values of a; in the equation 

8 1 11 

ix=i. 

7. What are the values of op in the equation 

«a— lOi^ajzr: — 1? 

A $a?=10 
Ans, < _ 

8. What are the values of a? in the equation 



17ir» 2*2 

—270?+^ — h 100=-- — h 12«-26 ? 



Ans 



x=7 






9. What are the values of a; m the equation 

22a?+15= — h28ar— 30? 



. C a?=9. 
Ans, < 

C a?=l. 



10. What are the values of a; in the equation 
2a^— 30a;+3=-a:3+3Air— ^? 



Ans. < 
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Properties of the Roots. 

128. We have thus far, only explained the methods of 
finding the roots of an equation of the second degree. We 
are now going to show some of the properties of these roots. 

Thefirstform. 

139. The first form 

x^+2px=q 

gives 1st root a?=— p^-^^q+pl 

2nd root ap=>~ p—Vg+p^, 

and their sum = — 2p. 

Since, in this form q is supposed positive, the quantity 
q+p^ tindet the riidical sign will be greater than p^, and 
hence its root will be greater than p. Consequently the 
first root, which is equal to the difference between p and 
the radical, will be positive and less than^/q+jf. In the second 
root, p and the radical have the same sign; hence, the 
second root will be equal to their sum and negative. If we 
multiply the two roots together, we have 



Product equal to 



+P^'-'PVg+P^ 

+p^/ff^^q^p2 



QuEvr. — 129. In the first foim, have the roots the same or contrary 
ngnsl What is the sign of the first rooti What of the second 1 
Which is the greater? What is their sum equal tol What is their 
product equal to 1 
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Hence we conclude, 

Ist. That in the first form one of the roots is always post" 
tioe, and the other negative. 

2nd. That the positive root is numerically less than the 
negative. 

3rd. That the sum of the two roots is equal to the coefficient 
of X in the second term^ taken with a contrary sign. 

4th. That the product of the two roots is equal to the known 
term in the second member, taken with a contrary sign. 

EXAMPLES. 

1. In the equation 

we find the roots to be 4 and —5. Their sum is — 1, 
and their product —20. 

2. In the equation 

a;3+2x=:3, 

we find the roots to be 1 and —3. Their sum is equal to 
—2, and their product to — 3. ^^ 

3. The roots of the equation 

a?2+a?=90, 

are +9 ^d —10. Their sum is —1, and their product 
-90. 

4. The roots of the equation 

a2+4aj=60, 

are 6 and —10. Their sum is —4, and their product is 
^60. 
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Let these principles be applied to each of the examples 
under " examples in the first form." 

Second Form. 
130.' The second form is, 

and by resolving the equation we £bid 

1st root, x=z+p+yq+p^ 

2nd root, x= +p-'Yq+p^ 

and their sum = 2p. 

In this form, the first root is positive and the second 
negative. If we multiply the two roots together, we have 

{p+VqW)x{p-VgW)=-9' 

Hence we conclude, 

1st. That in the second form' one of the roots is positive . 
and the other negative, 

2nd. That the positive root is numerically greater than the 
negative. 

3rd. That the sum of the roots is equal to the coefficient of 
X in the second term^ taken with a contrary sign, 

4th. That the product of the roots is equal to the known 
term in the second memher, taken with a contrary sign. 



Quest. — 130. What is the sign of the first root in the second form 1 
What is the sign of the second 1 Which is the greater? What is their 
sum equal to 1 What is their product equal to 1 
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EXAMPLES. 

1. The roots of the equation 

are +4 and —3. Their sum is -f l^.and their product 
-12. 

2. The .roots of the equation 

«3-9^x=l, 

are +10 and ^^. Their sum is 9^, and their product 
is —1. 

3. The roots of the equation 

a^ — 6ap=16, 

are +8 and ~2. Their sum is +6, and their product 
is -16. 

4. The roots of the equation 

oj^— lla?=80, 

are +16 and —5. Their sum is +11, and their product 
is -80. 

Let these principles be applied to each of the examples 
under " examples in the second form.'' 

Third Form. 
131. The third form is, 

and by resolving the equation we find, 

1st root, x= —p+ ^ —q+p^, 

2nd root, a?=— /?—-/— <y+j)» 

Their sum is = — 2p 
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In this form, the quantity under the radical being less 
than j^j its root will be less than p : hence both the roots 
will be negative, and the first will be numerically the least. 

If we midtiiply the roots together, we have 



Hence we conclude, 

Ist. That in the third form hath the roots are negative. 

2nd. That the first root is numerically less than the second. 

3rd. That the sum of the two roots is equal to the coefficient 
of X in the second term^ taken with a contrary sign. 

4th. That the product of the roots is equal to the known 
term in the second member, taken with a contrary sign. 

EXAMPLES. 

1. The roots of the equation 

a?3+9a?=— 20, 

are —4 and —5. Their sum is —9, and their product 
+20. 

2. The roots of the equation 

a2+i3aj=-.42, 

are —6 and —7. Their sum is —13, and their product 
+42. 



Quest. — 131. In the third form, what are the signs of the roots I 
Which root is the least 1 What is the sum of the roots equal tol 
What is their product equal to 1 

18 



198 ELEMENTARY ALGEBRA. 

3. The roots of the equation 

3 

are — -- and —2. Their sum is —2f, an4 their product 
4 

+ li. 

4. The roots of the equation 

are —2 and —3. Their sum is —5, and their product 
is +6 

Let these principles be applied to each of the examples 
under " examples in the third form." 

Fourth Form. 
132. The fourth form is, 

and by resolving the equation we find, 

1st root, x^zp+^—q+p^ 

2nd root, x=p—^-^q+p!^ 

Their sum is =2p. 

In this form, as well as in the third, the quantity: under 
the radical being less than p^, its root will be less than p : 
hence both the roots will be positive, and the first will be 
the greatest. 

If we multiply the two roots together, we have 
{p+V-q+p')X{p-V -q+p')=+9- 
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Hence we conclude, 

I St. ThcU in the fourth form both the roots are positive. 

2nd. That the first root is greater than the second. 

3rd. That the sum of the roots is equal to the coefficient of 
X in the second term, taken with a contrary sign. 

4th. That the product of the roots is equal to the known 
term in the second mender, taken with a contrary sign. 

EXAMPLES. 

1. The roots of the equation 

052— 7a:= — 12, 

are +4 and +3. Their sum is +7 and their pro- 
duct + 12. 

2. The roots of the equation 

052—140;=— 24, 

are +12 and +2. Their sum is +14 and their pro- 
duct +24. 

3. The roots, of the equation 

a;2— 20a?=— 36, 

are +18 and +2. Their sum is +20 and their pro- 
duct +36. 

4. The roots of the equation . 

a2— 17a?=-42, 

are +14 and +3. Their sum is +17 and their pro- 
duct +42. 



Quest. — 132. In the fourth form, what are the sighs of the roots ! 
Which root is the greatest 1 What is the sum of the roots equal tq^ 
What is their product equal to 1 
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133. In the third and fourth forms the values of x some- 
times become imaginary, and in such cases it is necessary 
to know how the results are to be interpreted. 

If we have q^p^, that is, if the known term is greater 
than half the coefficient ofx squared, it is plain that 'y/ — q+p^ 
will be imaginary, since the quantity mider the radical 
will be negative. Under this supposition the values of x 
in the third and fourth forms will be imaginary. 

We will now show that, when in the third and fourth 
forms, we have 9>p^, the conditions of the question will be 
incompatible with each other. 

134. Before showing this it will be necessary to estab- 
lish a proposition on which it depends : viz. 

Jf a given number he decomposed into tvoo parts and those 
parts multiplied together, the product wiU he the greatest poS' 
sible when the parts are equal. 

Let 2p be the number to be decomposed, and d the differ- 
ence of the parts. Then 

p +-;7-= the greater part (page 80, Ex. 7.) 

and p ~n'= ^® ^^^^ P*^- 

and p2 — 7-=P, their product (Art. 40.) 

Now it is plain that P will increase as d diminishes, and 
that it will be the greatest possible when . J=rO : that is, 

pXp=p^ is the greatest product. - 



QvBST. — 133. • In which forms do the vslues of x become imaginaijt 
When will the values of x be imaginaiy 1 Why will the values of x be 
then imaginaiy ? 
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Now, since in the equation 

x^ — 2px= — q 

2p is the sum of the roots, and q their product, it follows 
that q can never be greater than p^. The conditions of the 
equation, therefore, fix a limit to the value of q, and if we 
make $'>p^, we express by the equation a condiiion which 
cannot be fulfilled, and, this contradiction is made apparent 
by the values of x becoming imaginary. Hence we may 
conclude that, 

When the values of the unknown quantity are imaginary, 
the conditions of the question are incompatible with each other, 

EXAMPLES. 

1. Find two numbers whose sum shall be 12 and pro- 
duct 46. 

Let X and y be the numbers. 

By the 1st condition, x+y=l2 ; 

and by the 2d, xy=z46. 

The first equation gives 

a?=l2— y. 

Substituting this value for x in the second, we have 

12y-.y2=46; 

and changing the signs of the terms, we have 

y2_X2y=— 46. 



QxTBST. — 134. What is the proposition demonstrated in Article 1341 

If the conditions of the question are incompatible, how will the values 

of the unknown quantity be ^ 

18* 
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Then by completing the square 

y2_l2y+36= -46+36= -10 

which gives y=6+ y— 10, 

and y=:6— V— 10; 

both of which values are imagioaiy, as indeed they should 
be, since the conditions are incompatible. 

2. The sum of two numbers is 8, and their product 20 : 
what are the numbers ? 

Denote the numbers by x and y. 

By the first condition, 

x+y=:8; 

and by the second, a^=20. 

The first equation gives 

aj=8— y 

Substituting this value of a; in the second, we have 

8y-y2=20 ; 

changing the signs, and completing the square, we have 

y2-8y+16=-4; 

and by extracting the root, 

y=4+'v^— 4 and y=4— -/— 4. 
These values of y may be put under the forms (Art. 106), 

if=4+2\/^^ and y=4— 2-/— 1. 

3. What are the values of x in the equation 

^+2a?=: — 10. 



(a?= — 1— 3V^^=T 
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Examples with more than one unknown quantity. 

1. Given \ _ , ~ ^^^ \ to find « and y. 

By transposing y in the first equation, we have 

a;=14— y ; 

and by squaring both members, 

a2=196— 28y+y2. 

Substituting this value for x^ in the 2nd equation, we have 

196— 28y+y2+y2=100 ; 

from which we have 

y2~14y=-48; 

and by completing the square, 

y2-14y+49=l ; 

and by extracting the square root, 

y— TrriVTrr+l Or —1: 

hence, y=7+l=8, or y=7— lz=6. 

If we take the larger value, we find a;=6 ; and if we 
take the smaller, we find a? =8. 

Verification, 
For the largest value, y=8, the equation 
a?+y=14 gives 6+8=14; 
and aj2+y2=100 gives 36+64=100. 

For the value y=6, the equation 

a?+y=14 ^ves 8+6=14; 
and ar^+y2=100 gives 64+36=100. 

Hence, both sets of mlues will satisfy the given equation. 
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2. Given { » \, . . ? to find x and y. 



a? — y = 3 

Transposmg y in the first equation, we have 

x=3+y ; 
and then squaring both members, 

Substituting this value for oc^ in the second equation, we 
have 

9+6y+y2— y2=45 ; 
whence we have 

6y=:36 and y=6. 

Substituting this value of y in the first equation, we have 

ar— 6 = 3, 
and consequently ap=3+6=9. 

Verification. 
a?— y=3 gives 9—6=3 ; 
and a!2— y2=45 gives 81—36=45. 

« ^. < x^+3xy =22 > 

3. Given \o.«.«o .^c to "i^d a? and y. 
< a?2+3a^+2y2=40 J ^ 

Subtracting the first equation from the second, we have 

2y2=18, 
which gives y^=9, 

and y= + 3 or —3. 

Substituting the plus value in the first equation, we have 

ar«+9a;;;=22; 



r 
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from which we find 

»=+2 and a= — 11. 

If we take the negative value, y=: — 3, we have from the 
first equation, 

oi^—9x=22 ; 
from which we find 

a= + ll and a=— 2. 

Verification. 

For the values y=+3 and xz=:+2, the equation 

a^+3xy=22 

gives 22+3x2x3=4+18=22: 

and for the second value, rc= — 11, the same equation 

a^+3xy=22 

gives (-11)2+3 X— 11x3=121-99=22. 

If now we take the second value .of y, that is, y=— 3, 
and the corresponding values of x, viz, «= + ll, and 
0?=— 2 ; for a?= + ll, the equation 

x^+3xi/=22 
gives 112+3 X 11 X— 3=121-99=22; 

and for x= —2, the same equation 

a!2+3ay=22 
gives (-2)2+3 X -2 X -3=4+18=22. 

r a?z=y2 (1) . 

4. Given < x +y +z =7 (2) > to find », y, and s. 
^ ai2+y2+^2=:21 (3) 3 
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Transposing y in the second equation, we have 

x+zz=:l—y (4) ; 
then squaring the members, we have 

a:2+2a:z+z2=49— 14y+y2. 

If now we substitute for 2xz its value taken from the 
first equation, we have 

and cancelling y^ in each member, there results 

a:^+y^+^^=49— 14y. 

But, from the third equation we see that each member of 
the last equation is equal to 21 : hence 

49-14y=21, 

and 14y=49— 21=28. 

hence, y=TT=2. 

^ 14 

Placing this value for y in equation (1) gives 

xzz=z^ ; 
and placing it in equation (4) gives 

ap+j?=5, and a=:5 — z. 

Substituting this value of x in the previous equation, we 
obtain 

5ar— 2r2=4 or z^— 52r=— 4; 
and by completing the square, we have 

;g2__5^_|.6^25=2,5, 

and 2r— 2,5=±v^= + l>5 or —1,5; 

hence, z=2,5+ 1,5=4 or ;?= +2,5— 1,5=1. 
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If we take the value 



z=z4, we find «=! : 



if we take tlie less value 



z=l, we find a==4. 



3. Given a: +V¥+y = 19 > tofindr^andy. 
and «2+ ccy+ f -133 i ^ 

Dividing the second equation by the first, we have 



but 

hence, by addition, 

or 



ic+'v/rcy+ y=19 



2a? +2y=26 
X + y=13 

and substituting in 1 st equa. V^y + 13=19 

or 



and by squaring 

From 2d equation, 

and from the last 

Subtracting 

hence, 

but 

hence 



-^a?y= 6 
ajy=36 

x^+xy+y^=l33 
3xy =108 



ix^'-2xy+y^=: 25 

a?— y=± 5 

x+y=z 13 
a;=9 or 4 ; and y=4 or 9. 



6. Given the sum of two numbers equal to a, and the 
sum of their cubes equal to c, to find the numbers 



By the conditions 



!x +y =a 
cfi+y^z=c. 
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Putting x=:s+z, and y^is—Zy weliave 

«=r3*, or *=y; 



hence, by addition, a!^+ff^=2s^ +6sz^=et 



whence j'rs — r — and « 



6* V 6* ' 



or by putting for s its value. 



■=iW(-4)-w- 



4e — a* 



12a 



•lid y=±:py(i^)=|-zFy^ 



4c — a^ 
12a ' 



Note. — ^What are the numbers when a=z5 and e=:35. 
What are the numbers when a=9 and c=243. 

QUESTIONS. 

1. Find a number such, that twice its square, added to 
three times the number, shall give 65. 

Let X denote the unknown number. Then the equation 
of the problem will be 

2a!3+3a:=65 , 
whence 



3 . /6 



65 Jl^___3_ 23 
2 "^16"" 4 4* 
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Therefore, 

3 . 23 , ^ 3 23 13 

«=r — ^H — =5, and «=— — = . 

4^4 ' 4 4 2 

Both these values satisfy the question in its algebraic 
sensOr For, 

2 X (5)2+3x5=2x25+15=65 ; 

J cf 13\^ . o 18 169 39 130 ^^ 
and 2(--) +3 X -_=_-_=_=65. 

Remark. — ^If we wish to restrict the enunciation to its 
arithmetical sense, we will first observe, that when x is 
replaced by —a?, in the equation 2a!!2+3a?=65, the sign of 
the second term 3a; only, is changed, because (— a;)2=a;2. 

3 23 
Therefore, instead of obtaining «= — 7-=t*T"» we should 

4 4 

fi^d «=|±T' ^' «=^,aad.:=-5, values whichonly 

differ from the preceding by their signs. Hence, we may 

13 
say that the negative solution — --, considered indepen 

2 

dently of its sign, satisfies this new enunciation, viz : To 

find a number sttch, that twice its square^ diminished hy three 

times the number^ shaU give 65. In fact, we have 

« /13\2 ^ 13 169 39 ^, 

Remark. — ^The root which results from giving the plus 
sign to the radical, generally resolves the question both 
in its arithmetical and algebraic sense, while the second 
root resolves it in its algebraic sense only. 

19 
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Thus, in the example, it was required to find a nmnber, 
of which twice the square added to three times the number 
shall give 65. Now, in the arithmetical sense, <idded means 
increased ; but in the algebraic sense it implies diminution, 
when the quantity added is negative. In this sense, the 
second root satisfies the enunciation. 

2. A certain person purchased a number of yards of cloth 
for 240 cents. If he had received 3 yards less of the same 
cloth for the same sum, it would have cost him 4 cents more 
per yard. How many yards did he purchase ? 

Let x= the number of yards purchased. 
Then will express the price per yard. 

X 

If, for 240 cents, he had received 3 yards less, that is 
«— 3 yards, the price per yard, under this hypothesis, would 

have been represented by -. But, by the enunciation, 

this last cost would exceed the first by 4 cents. Therefore, 
we have the equation 

240 240 , 
=4; 



a?— 3 X 
whence, by reducing op^— 3ap=180, 



3 /9 3=fc27 

therefore a;=15 and «= — 12. 

The value a:=15 satisfies the enunciation; for, 15 yards 
for 240 cents gives — — -, or 16 cents for the price of 

one yard, and 12 yards for 240 cents, gives 20 cents for the 
price of one yard, which exceeds 1 6 by 4. 
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As to the second solution, we can form a new enuncia- 
tion, with which it will a^ee. For, going back to the 
equation, and changing x into —x, it becomes 

240 240 , 240 240 , 
=4, or r~:7=4, 



—x—S —a? X a?+3 

an equation which may be considered the algebraic transla- 
tion of tlus problem, viz : A certain jperson purchased a num- 
ber of yards of cloth for 240 cents : if he had paid the same 
sum for 3 yards more, it would have cost him 4 cents less per 
yard. How many yards did he purchase ? 

Ans, a;=12, and «= — 15. 

3. A man bought a horse, which he sold after some time 
for 24 dollars. At this sale, he loses as much per cent. 
upon the price of his purchase as the horse cost him. 
What did he pay for the horse ? 

Let X denote the number of dollars that he paid for the 
horse, x — 24 will express the loss he sustained. But as 

X 

he lost X per cent, by the sale, he must have lost — —- 
^ J ' iOO 

upon each dollar, and upon x dollars he loses a sum de- 
noted by ■ ; we have then the equation 

=0;— 24, whence a:2_iooap=:— 2400. 



100 

an^ a:=50zfc-v/2500— 2400=50itl0. 

Therefore, ap=60 and a:=40. 

Both of these values satisfy the question. 

For, in the first place, suppose the man gave $60 for the 
horse and sold him for 24, he loses 36. Again, from the 
enunciation, he should lose 60 per cent, of 60, that is. 
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of 60, or — ^ ■ ^ , which reduces to 36 ; there- 



100 ' 100 

fore, 60 satisfies the enunciation. 

Had he paid $40, he would have lost $16 by the sale ; 

40 
for, he should lose 40 per cent, of 40, or 40 x ^ , which 

reduces to 16 ; therefore, 40 verifies the enunciation. 

4. A man being asked his age, said the square root of 
my own age is half the age df my son, and the sum of 
our ages is 80 years : what was the age of each. ? 

Let xz=i the age of the father. 
y=r that of the son. 

Then by the first condition 

and by the second condition 

ap+y=80. 
If we take the first equation 

and square both members, we have 

*-4- 
If we transpose y in the second, we have 

ap=80— y: 
from which we find 

y=— 2±-/324'=:16; 

by taking the plus root, which answers to the questian in 
its arithmetical sense. Substituting this value, we find 
x=64. A K i Father's age 64 

" ' ( Son's 16 
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5. Find two numbers, such that the sum of their pro- 
ducts by the respective numbers a and h, may be equal to 
2^y and that their product may be equal to p. 

Let X and y be the required numbers, we have the equa- 
tions 

and ^=?/'* 

From the first y= — 7 — ; 

whence, by substituting in the second, and reducing, 

g \ 

Therefore, a:= — ± — -i/ s^^abp. 

a a ^ ^ 

and consequently. 

This problem is susceptible of two direct solutions, be- 
cause s is evidently > -yj^-^ahp ; but in order that they 
may be real, it is necessary that s^^ or z=:ahp. 

Let a=5=l ; the values of x and y reduce to 



x^sdz-^s^—p and y=:s^^s^—p. 

Whence we see, that the two values of x are equal to 
those of y, taken in an inverse order ; which shows, that if 
S+ -y/s^—p represents the value of a?, s— -yjs^—p will re- 
present the corresponding value of y, and reciprocally. 

This circumstance is accounted for, by observing that in 
this particular case the equations reduce to 

a:+y=2^, 






a;y=jp 
19* 
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and then the question is leduceil to, finding two tmmbers of 
ahieh the sum is 2s, and th^ product p, oi ia other words, 
to divide a mimber 2s, into tv>o mch parts, that thm- product 
may be equal to a given number p. 
Let UB now eappose 

3j=14 and ;»=48: 
what will then be die values of x and y ! 

A«. >=='»» 
( y=6 or 8. 

6. A grazier bought as many sheep as coat him £Q(i, and 
alter reserving fifteen out of the number, he sold tho re- 
mainder for £5A, and gained %s. a head on thoae he sold : 
how many did he buy 1 Am. 79. 

7. A merchant bought cloth for which he paid £ZZ lbs., 
which he sold again at £% Ss. per piece, and gained by the 
bargain as much as one piece cost him : how many pieces 
did he buy! Ans. 15. 

8. What number is that, which, being divided by the pro- 
duct of its digits, the quotient is 3 ; and if 18 be added to 
it, the digits will be inverted ? Ana. 34. 

9. To find a number, such that if you subtract it from 1 0, 
and multiply the remainder by the number itself, the product 
shall be 21. Ans. 7 or 3. 

10. Two persons, A and B, departed from different places 
St the same time, and travelled towards each other. On 
meeting, it appeared that A had travelled 18 miles more 
than R ; and that A could have gone B's journey in 15j 
Jays, hnl B would have been 28 days in perfomung A's 
joiimc'}- How far did each travel ? 

Am. \ ^ ''^ ^^^^ 
f B 54 miles. 
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11. There are two numbers whose difference is 15, and 
half their product is equal to the cube of the lesser num- 
ber. What are those numbers ? Ans. 3 and 18. 

12. What two numbers are those whose sum, multiplied 
by the greater, is equal to 77 ; and whose difference, multi- 
plied by the lesser, is equal to 12 ? 

Ans, 4 and 7, or f -/T^^^ V V^* 

13. To divide 100 into two such parts, that the sum of 
their square roots may be 14. ^ti^. 64 and 36 

14. It is required to divide the number 24 into two such 
parts, that their product may be equal to 35 times their dif- 
ference. Ans. 10 and 14. 

1 5. The sum of two numbers is 8, and the sum of their 
cubes 152. What are the numbers ? Ans. 3 and 5. 

16. Two merchants each sold the same kind of stuff; 
the second sold 3 yards more of it than the first, and to- 
gether they receive 35 dollars. The first said to the second, 
"I would have received i4 dollars for your stufiT;" the 
other replied, " And I should have received 12^ dollars for 
yours." How many yards did eabh of them sell ? 

J, C 1st merchant 0;= 15 a:=5. 

Ans. < , or 

I2nd „ y=18 ^' y=8. 

• 

17. A widow possessed 13,000 dollars, which she divided 
into two parts, and placed them at interest, in such a man- 
ner, that the incomes from them were equal. If she had 
put out the first portion at the same rate as the second, she 
would have drawn for this part 360 dollars interest ; and if 
she had placed the second out at the same rate as the first, 
she would have drawn for it 490 dollars interest. What 
were the two rates of interest ? 

Ans. , 7 and 6 per cent. 
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CHAPTER VII. 

Of Proportions and Progressions. 

135. Two quantities of tlie same kind may be compared 
together in two ways ; — 

1st. By considering how much one is greater or less than 
the other, which is shown by their difference ; and, 

2nd. B) considering how many times one is greater or 
less than the other, which is shown by their quotient. 

Thus, in comparing the numbers 3 and 12 together with 
respect to their difference, we £nd that 12 exceeds 3 by 9 ; 
and in comparing them together with respect to their quo- 
tient, we find that 12 contains 3 four times, or that 12 is 4 
times as great as 3. 

The first of these methods of comparison is called Arithr 
metical Proportion, and the second Geometrical Proportion. 

Hence, Arithmetical Proportion considers the relation of 
quantities with respect to their difference, and Geometrical 
Proportion the relation of quantities with respect to their 
quotient. 



QuvsT. — 135. In how many ways may two quantities be compared 
together 1 What does the first method consider 1 What the second! 
What is the first of these methods called ? What is the second called ^ 
How then do you define the two proportions 1 
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Of Arithmetical Proportion and Progression. 

» 

136. If we have four numbers, 2, 4, 8, and 10, of 
wMch the difference between the fbrst and second is equal 
to the difference between the thii^ and fourth, these num- 
bers are said to be in arithmetical proportion. The first 
term 2 is called an antecedent, and the second term 4, with 
which it is compared, a consequent. The number 8 is also 
called an antecedent, and the numbe^ 10, with which it is 
compared, a consequent. 

When the difference between the first and second is equal 
to the difference between the third and fourth, the four num- 
bers are said to be in proportion. Thus, the numbers 

2, 4, 8, 10, 

are in arithmetical proportion. 

137. When the difference between the first antecedent 
and consequent is the same as between any two adjacent 
terms of the proportion, the proportion is called an arith" 
metical progression, Hence^ a progression by differences, or 
an aritkmeticai progression, is a series' in which the succes- 
sive terms continually increase or decrease by a constant 
number, which is called the common difference of the 
progression. 

Thus, in the two series 

1, 4, 7, 10, 13, 16, 19, 22, 25, . . . 
60, 56, 52, 48, 44, 40, 36, 32, 28, . . . 



Quest. — 136. When are four numbers in arithmetical proportion 1 
What is the first called 1 What . is the second called 1 What is the 
third calledl What is die fourth called 1 
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the first is called an increasing progressiony of which die 
common difference is 3, and the second a decreasing pro- 
gression, of which the common difference is 4. 

In general, let a, b, c, d, e,f, . . . designate the terms 
of a progression by differences ; it has been agreed to write 
them thus : 

a.b.c.d.e.f.g.h,i,k.,. 

This series is read, a is to 5, as 6 is to c, as c is to J, as J 
is to e, &c. This is a series of continued equi-differences, 
in which each term is at the same time a consequent and 
antecedent, with the exception of the first term, which is 
only an antecedent^ and the last, which is only a conseqitent. 

138. Let r represent the common difference of the 
progression 

a.b.c,d.e,f,g,hj &c, 

which we will consider increasing. 

From the definition of the progression, it evidently follows 
that 

■ 

i=:a+«*i c=6+r=fl+2r, d=zc+r=:a-{-3lr ; 

and, in general, any term of the series is equal to the first 
term plus as many times the common difference as there are 
preceding terms. 

Thus, let I be any term, and n the number which marks 
the place of it : the expression for this general term is 

lz=a+(n—l)r. 



Quest. — 137. What is an arithmetical progression 1 What is the 
number called by which the terms are increased or diminished ? What 
is an increasing progression 1 What is a decreasing progresaton ^ 
Which term is only an antecedent 1 Which only a consequent % 
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Hence, for finding the last term, we have the following 

RULE. 

I. Multiply the common difference by one less than the 
number of terms, 

II. To the product add the first term : the sum wiU be the 
last term. 

EXAMPLES. 

The formnla lz=:a+(n-—l)r serves to find any term 
whatever, without our heing obliged to determine all those 
which precede it. 

1. If we make n=l, we have l=a; that is, the series 
wiU have but one term. 

2. If we make n=2, we have l=a+r ; that is, the series 
wiU have two terms, and the second term is equal to the 
first plus the common difference. 

3. If fl=3 and r=2, what is the 3rd term ? Ans, 7. 

4. If a=5 and r=4, what is the 6th term? Ans. 25. 

5. If 0=7 and r=5, what is the 9th term? Ans. 47. 

6. If a=8 and r=5, what is the 10th term ? 

Ans. 53. 

7. If az=20 and r=4, what is the 12th term? 

Ans. 64. 

8. If a=:40 and r=20, what is the 50th term ? 

Ans. 1020. 



QmcBT. — 138. Gtiye the rule far fioding the last torm of a serieB when 
the progreasion is increaamg. 
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9. If a=45 aad r=30, what is the 40th term ? 

Ans. 1215. 

10. If a=:30 and r=20, what is the 60th term? 

Ans, 1210. 

11. If a=:50 and r=:10, what is the 100th term? 

Ans. 1040. 

12. To find the 50th term of the progression 

1 . 4 . 7 . 10 . 13 . 16 . 19 . . ., 
we have 1=1+49x3 = 148. 

13. To find the 60th term of the progression 

1 . 5 . 9 . 13 . 17 . 21 . 25 . . ., 
we have 1=1+59x4=237. 

139. If the progression were a decreasing one, we 
should have 

/=a-(n--iy. 

Hence, to find the last term of a decreasing progression, 
we have the following 

RULE. 

I. Multiply the common difference hy one less than the nam' 
her of terms, 

II. Subtract the product from the first term : ■ the remainder 
will be the last term. 



QussT.—- 130. Give the rule for finding the last tenn of a series, 
when the progression is decroMing. 
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EXAMPLES. 

1. The first tenn of a decreasing progression is 60, the 
numbeY of terms 20, and the common difference 3 : what 
is tae last term ? 

/=:a-(n-l)r gives Z=:60-(20-l)3=60-57=3. 

2. The first term is 90, the common difference 4, and 
the nmnber of terms 15 : what is the last term ? Ans. 34. 

3. The first term is 100, the nmnber of terms 40, and the 
common difference 2 : what is the last term ? Ans, 22. 

4. The first term is 80, the number of tenns 10, and the 
common difference 4 : what is the Jast term ? Ans. 44. 

5. The first term is 600, the number of terms 100, and 
the common difference 5 : what is the last term ? 

Ans. 105. 

6. The first term is 800, tho nmnber of terms 200, and 
the common difference 2 : what is the last term ? 

Ans. 402. 

140. A progression by differences being given, it is 
proposed to prove that, the swn of any two Smns, taken at 
equal distances from the two extremes, is eqttal to the sum of 
the two extremes. 

That is, if we have the progression 

2 . 4 . 6 . 8 . 10 . 12, 

we wish to prove that 

4+10 or 6+8 

is equal to the sum of the two extremes 2 and 12. 

30 
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Let a.b,c,d,e.f,...i.k.l be the pro- 
posed progression, and n the number of terms. 

We will first observe that, if x denotes a term which has 
p terms before it, and y a term which has p terms after it, 
we have, from what has been said, 

x=:a+pxr, 

and y=:l^pxr ; 

whence, by addition, x+y^a+L 

Which demonstrates the proposition. 

Referring this proof to the previous example, if we sup- 
pose, in the first place, x to denote the second term 4, then 
y will denote the term 10, next to the last. If x denotes 
the 3rd term 6, then y will denote 8, the third term from 
the last. 

Having proved the first part of the proposition, write the 
progression below itself, but in an inverse order, viz : 

a»b,e.d,e»j».,i.k,l. 

Calling S the sum of the terms of the first progressicm, 
2S will be the sum of the terms in both progressions, and 
we shall have 

iS={a+i)+{b+k)+(e+t) . , . +{i+c)+(k+b)+[l+a). 

Now, since all the parts a-\-l, b+k, e-\-i . . . are equal 
to each other, and their number equal to n, 

2S=(«+J)«, or S=(^)n. 
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Hence, for finding the sum of an arithmetical series, we 
have the following 



RULE. 

I. Add the two extremes together ^ and take half their sum. 

II. Multiply the half-sum hy the number of terms ; the 
product wiU he the sum of the series. 

SXABCPLES. 

1. The extremes are 2 and 16, and the nmnber of terms 
8 : what is the sum of the series ? 

« /a+l\ « 2+16 _ „„ 

iS=f— ~-jXn, gives S= — '- — x8=72. 

2. The extremes are 3 and 27, and the number of terms 
12 : what is the smn of the series ? Ahs, 180. 

3. The extremes are 4 and 20, and the number of terms 
10 : what is the sum of the series ? Ans. 120. 

4. The extremes are 100 and 200, and the nmnber of 
terms 80 : what is the sum of the series ? Atis. 12000. 

5. The extremes are 500 and. 60, and the number of terms 
20 : what is the sum of the series ? Ans. 5600. 

6. The extremes are 800 and 1200, and the number of 
terms 50 : what is the sum of the series ? Ans, 50000. 



Quest. — 140. In every progression, what is the sum of the two ex' 
tremes equal to 1 What is the rule for finding the sum of an arithmeti- 
cal series 1 
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141. In arithmetical pr6portion there are £^0 mmibers 
to be considered : — 

1st. The first term, a. 

2nd. The common difference, r. 

3rd. The number of terms, n. 

4th. The last tenn, I. 

5th. The som, /S. 

The formulas 

/=a+(n-l)r and 5=(^)x» 

contain five quantities, a, r, n, I, and S, and consequendy 

give rise to the following general problem, viz : Anif three 

of these five quantities being given^ to determine the Mar 
two. 

We already know the ralue of iS in terms of a, n, and r. 

From the formula 

«=a+(n-l)f, 

we find a=l— (n— l)r. 

That is : The first term of an increasing arithmeticai pro- 
gression is equal to the last term, minus the product of the 
common difference by the number of terms less one. 
From the same formula, we also find 



r=r 



n--l' 



That is : In any arithmetical progression, the common differ'" 
ence is equal to the difference between the two extremes divided 
by the number of terms less one. 

Quest. — 141. How many numbers are considered in arithmetical 
proportion 1 AVhat are theyl In every arithmetical progression, what 
is the common difference equal to 1 
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The last term is 16, the first term 4, and the nmnber of 
terms 5 : what is the common difiference ? 

The formtda r= "", 

n— 1 

16-4 ^ 
gives r=± — - — =3. 



2. The last term is 22, the first term 4, and the nmnber 
of terms 10 : what is the common difference ? Ans. 2. 

1 42. The last principle affords a solution to the follow- 
ing question : 

To find a number m of arithmetical means between two 
given numbers a and b. 

To resolve this question, it is first necessary to find the 
c<Hnmon difference. Now, we may regard a as the first 
term of an arithmetical progression, b as the last term, and 
the required means as intermediate terms. The number of 
terms of this progression will be expressed by m+2. 

Now, by substituting in the above formula, b for /, and 
m+2 for n, it becomes 

b — a b — a 



»i+2 — 1 m-hl ' 

that is, the common difference of the required progression is 
obtained by dividing the difference between the given num- 
bers a and b, by one more than the required number of 
means. 



Quest.— '142. Row do you find tmy number of arithmetical means 

between two given numbers 1 

20* 
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■ limBg obtained the common difference, form the second 
term of die progression, or the first orithmeHcal mean, by 

adding r, or — r—^ to the first term a. The second mean 
® ' m+l 

is obtained by augmenting the first by r, &c. 

1. Find three arithmetical means between the extremes 
2 and 18. 

The foimula r=^ 

m+l 

18-2 . 
gives r= —"2 — ?=4 ; 

hence, the progression is 

2 . 6 . 10 . 14 . 18. 

2. Find twelve arithmetical means between 12 and 77 

r 

The formula r= — — - 

m+l 

77-12 ^ 
gives r=— — -=5. 

Hence the progression is 

12 . 17 . 22 . 27 .... 77 

143. Remark. If the same number of arithmetical 
means are inserted between all the terms, taken two and 
two, these terms, and the arithmetical means miited, will 
form but one and the same progreission. 

For, let a,b.e.d,e.f.., be the proposed 
progression, and m the number of means to be inserted 
between a and b, h and c, e and d , . . 
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From what has just been said, the commoii difference of 
each partial progression will be expressed by 

ft—a c — h d — e 

m+1 ' m+1 ' m+1 ' ' ' 

which are equal to each other, since a, ^, e . • • are in 
progression : therefore, the common difference is the same 
in each of the partial progressions ; and since the last term 
of the first, forms the first term of the second, &c, we may 
conclude that all of these partial progressions form a single 
progression. 



EXAMPLES. 

1. Find the siun of the first fifty terms of the progression 
2 . 9 . 16 . 23 . . . 

For the 50th term we have 

Z=2+ 49x7= 345. 



50 

Hence, fif =(2+ 345) X— =347x25=8675. 

2 



2. Find the 100th term of the series 2 . 9 . 16 . 23 . . . 

Ans. 695. 

3. Find the sum of 100 terms of the series 1.9.5. 
7.9 ... Ans. 10000. 

4. The greatest term is 70, the common difference 3, and 
the number of terms 21 : what is the least term aiid the 
sum of the series ? 

Ans, Least term 10 ; sum of series 840. 



Ans. < ^ 

(Sum = 
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5. The £rst term is 4, the common difference 8, and the 
nmnber of terms 8 : what is the last term, and the sum of 
the series ? 

{ Last term 60. 
256. 

6. The first term is 2, the last term 20, and the nmnber 
of terms 10 : what is the common difference ? 

Ans, 2. 

7. Insert fom* means between the two numbers 4 and 19 : 
what is the series ? 

Ans. 4 . 7 . 10 ; 13 . 16 . 19. 

8. The first term of a decreasing arithmetical progres-* 

sion is 10, the common difference — , and the number of 

o 

terms 21 : required the sum of the series. 

Ans, 140. 

9. In a progression by differences, having given the 
common difference 6, the last term 185, and the sum of the 
terms 2945 : find the first term, and the. number of terms. 

Ans, First term =5 ; number of terms 31. 

10. Find nine arithmetical means between each antece- 
dent and consequent of the progression 2. 5. 8. 11. 14 ... 

Ans, Common dif., or r= 0,3. 

1 1 . Find the number of men contained in a triangular bat- 
talion, the first rank containing one man, the second 2, the 
third 3, and so on to the n^, which contains n. In other 
words, find the expression for the sum of the natural num- 
bers 1, 2, 3 . . ., from 1 to n inclusively. 

Ans. S=!?(2+i). 
2 
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12. Find the sum of the n first terms of the progression 
of uneven numbers 1, 3, 5, 7, 9 • . . Ans. S=n^. 

13. One hundred stones being placed on the ground in a 
straight line, at the distance of 2 yards from each other, 
how far will a person travel who shall bring them one by 
one to a basket, placed at 2 yards from the first stone ? 

Ans. 1 1 miles, 840 yards. 



Geometrical Proportion and Progression. 

144. Ratio is the quotient arisj^g from dividing one 
quantity by another quantity of the same kind. Thus, if 
the numbers 3 and 6 have the same unit, the ratio of 3 to 6 
will be expressed by 

And in general, if A and B represent quantities of the same 
kind, the ratio of A to ^ will be expressed by 

B 

T 

145. If there be four numbers 

2, 4, 8, 16, 

having such values that the second divided by the first is 
equal to the fourth divided by the third, the numbers are 



QvstT.— 144. What u ntiol What is the ratio of 8 to 61 Of 4 
to 191 
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daid to be in proportion. And in general, if there be four 
quantities, A, B, C, and D, having such values that 

then A is said to liave the same ratio to B that C has to D ; 
or, the ratio of A to ^ is equal to the ratio of C to 2^. 
When four quantities have this relation to each other, they 
are said to be in proportion. Hence, proportion is an equality 
of raiios. 

To express that the ratio of A to ^ is equal to the ratio 
of C to i>, we write the quantities thus : 

A : B :: C : D; 

and read, A is to ^ as C to i>. 

The quantities which are compared together are called 
the terms of the proportion. The first and last terms are 
called the two extremes, and the second and third terms, the 
two means. Thus, A and D are the extremes, and B and 
C the means. 

146. Of four proportional quantities, the first and third 
are called the antecedents, and the second and fourth the 
consequents ; and the last is said to be a fourth proportional 
to the other three taken in order. Thus, in the last pro- 
portion A and C are the antecedents, and B and D the 
consequents. 



Quest. — 145. What is proportion 1 How do you express that four 
numbers are in proportion 1 What are the numbers called 1 What are 
the first and fourtii called] What the second and third 1 — 146. In four 
proportional quantities, what are the first and third called 1 What the 
second and fourth 1 
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147. Three quantities are in pr6portion when the first 
has the same ratio to the second that the second has to the 
third ; and then the middle term is said to he a mean pro- 
portional between the other two.^ For example, 

3 : 6 : : 6 : 12 ; 

and 6 is a mean proportional between 3 and 12. 

148. Quantities are said to be in proportion by invert 
ston, or inversely, when the consequents are made the ante- 
cedents and the antecedents the consequents. 

Thus, if we have the proportion 

3 : 6 : : 8 : 16, 
the inrerse proportion would be 

6 : 3 : : 16 : 8. 

1 49. Quantities are said to be in proportion by attema- 
Han, or alternately, when antecedent is compared with ante- 
cedent and consequent with consequent. 

Thus, if we have the proportion 

3 : 6 : : 8 : 16, 
the alternate proportion would be 

3 : 8 : : 6 : 16. 



QuEBT. — 14Y. When are three quantities proportionall What is the 
middle one called T — 148. When are quantities said to be in proportion 
by inversion, or inversely 1 — 149. When are quantities in proportion by 
aHemation 1 
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1 50. Quantities are said to be in proportion by campfh 
miion^ when the sum of the antecedent and consequent is 
eompared either with antecedent or consequent. 

Thus, if we have the proportion 

2 : 4 : : 8 ; 16, 

the proportion by composition would be 

2+4 : 4 « : 8+16 : 16; 
that is, 6:4:: 24 : 16. 

151. Quantities are said to be in proportion by Jtvinon, 
when the difference of the antecedent and conseqaent is 
compared either with antecedent or consequent. 

Thus, if we have the proportion 

3 : 9 : : 12 : 36, 

the proportion by division will be 

9-3 : 9 : : 36^12 : 36; 
tl^t is, 6 : 9 : : 24 : 36. 

152. Equi-multiples of two or more quantities are the 
products which arise from multiplying the quantities by the 
same number. 

Thus, if we have any two numbers, as 6 and 5, and mul- 
tiply them both by any number, as 9, the eqtd-multiples will 
be 54 and 45 ; for 

6x9=54, and 5x9=45. 



QvsflT.-— ISO. When tie quantities in proportion by compositioii! 
-»lkl. IfVlien ue quantities in proportion by division 1—168. Wbat 
are equi-multiples of two or more quantities 1 
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Also, mxA and mxB are equi-multiples of A and B, the 
common multiplier being m. 

153. Two quantities, A and B, are said to be reeiprO' 
eaily proportional, or inversely proportional, when one in- 
creases in the ssgne ratio as the other diminishes. When 
this relation exists, either of them is equal to a constant 
quantity divided by the other. 

Thus, if we had any two numbers, as 2 and 4, so related 
to each other tiiat if we divided one by any nuiAber we must 
multiply the otiier by tiie same number, one would increase 
just as fast as the other would diminish, and their product 
would be constant. 

154. If we have the proportion 

A \ B i: C I B, 

-we have -r="7T> (Art. 145); 

.A O 

and by clearing the equation of fractions, we have 

BCz^^D. 

That is. Of four proportional quantities^ the product of the 
ttDO extremes is equal to the product of the ttoo means* 

This general principle is apparent in tiie proportion be- 
tween the numbers 

2 : 10 : : 12 : 60, 
which gives 2 x 60=10 x 12=120. 

Quest.— ^153. When axe two quantities said to be reciprocally pro- 
portional 1 — 154. If four quantities are proportional, what is the product 
o( the two means equal to 1 

21 
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155. If four quantities, A, B^ C, D, are so related to 
each other that 

AxD=zBxC, 
we shall also have — =— ; 

and hence, A : B : : C : D. 

That is ; If the product of ttoo qtiantities is equal to the pro- 
duct of two other quantities, tu>o of them may he made the 
extremes, and the other two the means of a proportion. 
Thus, if we have 

2x8=4x4, 

we also have 

2 : 4 : : 4 : 8. 

1 56. If we have three proportional quantities 

A I B i: B : C, 

, B C 

we have -7=-=- ; ' 

hence, B^=zAC, 

That is : The square of the middle term is equal to the product 
of the two extremes. 

Thus, if we have the fHroportion 

3 : 6 : : 6 : 12, 
we shall also have 

6x6=62=3x12=36. 

QuBBT. — 155. If the product of two quantities is equal to the product 
of two other quantities, may the four be placed in a proportion 1 How! 
— 156. If three quantities are proportional, what is the product of the 
extremes equal to 1 
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167. If we have 

B D 
A : B : : C i D, and consequently — =-^7, 

Q 

multiply both members of the last equation by -^, we 
then obtain, 

A^B' 

and hence, A : C : : B : D. 

That is : If four quantities are proportional, they wiU be in 
proportion hy, akemation. 

Let us take, as an example, 

10 : 15 : : 20 : 30. 
We shall have, by alternating the terms, 

10 : 20 : : 15 : 30. 
158. If we have 

A : B II C : B and A : B :\ E : F, 

we shall also have 

B D :, B F 
A=-C ^^ A=e'' 

D F 
hence, -7? =-= and C : D :: E : F. 

That is : If there are two sets of proportions having an 



Quest. — 15Y. If four quantities are proportional, will they be in pro- 
portion by alternation 1 
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antecedent and consequent in the one equal to an antecedent 
and consequent of the other^ the remaining terms vdll be prth 
portioned. 

If we have the two proportions 

2 : 6 : : 8 : 24 and 2 : 6 : : 10 : 30, 

we shall also have 

8 : 24 : : 10 : 30. 

159. If we have 

A \ B w C : Dj and consequently -r=7T*f 

we have, by dividing 1 by each member of the equatioii, 

A C 

-5-=—, and consequently B : A : : D : C. 

That is : Four proportional quantities vjiU he in proportion^ 
when taken inversely. 

To give an example in numbers, take the proportion 

7 : 14 : : 8 : 16 ; 

then, the inverse proportion will be 

14 : 7 : : 16 : 8, 

in which the ratio is one-half. 

160. The proportion 

A : B :: C : D gives AxD=BxC. 



QuEBT.— 158. If you have two sets of proportions haTing an ante- 
cedent and consequent in each, equal ; what will follow 1-^169. If foar 
quantities are in proportion, will they be in proportion when taken in* 
vcrselyl 
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To each member of the last equation add BxD, We 
shall then have 

{A+B)xD={C+D)xB; 

and by separating the factors, we obtain 

A+B : B : : C+D : D. 

If, instead of adding, we subtract BxD from both mem- 
bers, we have 

(A--B)xD={C^D)xB; 
which gives 

A-B : B :: C-D : D. 

That is : If four quantities are proportional^ they wUl be in 
proportion by composition or division. 

Thus, if we have the proportion 

9 : 27 : : 16 : 48, 

we shall have, by composition, 

9+27 : 27 : : 16+48 : 48 : 
that is, 36 : 27 ; : 64 : 48, 

in which the ratio is three-fourths. 
The proportion gives us, by division, 

27-9 : 27 : : 48-16 : 48; 

that is, 18 .: 27 : : 32 : 48, 

in which the ratio is one and one -half. 



Quest. — 160. If four quantities are in proportion, will they be in pro- 
portion by composition 1 Will they be in proportion by division 1 What 

u the difference between composition and division 1 

21* 
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161. If ve have 

:?.-£ 

and multiply the numerator and denominator of the first 
member by any number m, we obtain 

■=-:=- and mA : mB : : C : D. 



mA C 

That is : Equal multiples of two quantities have the same 
ratio as the quantities themselves. 

For example, if we have the proportion 

5 : 10 : : 12 2 24, 

and multiply the first antecedent and consequent by 6, we 

have 

30 : 60 : : 12 : 24, 

in which the ratio is still 2. 
162. The proportions 

A : B :: C : D and A : B : : E : F, 

give AxD=BxC and AxF=BxE; 

adding and subtracting these equations, we obtain 

A(2)±F)=5(C±E), or A : B :: CzkE : DztF. 

That is : Tjf C and D, the antecedent and consequent^ he aug' 
mented or diminished by quantities £ and F, which have the 
same ratio as C to D, the resulting quantities will also have 
the same ratio. 



QuBST.— 161. Have equal multiples of two quantities the same ratio 
as the quantities t — 162. Suppose the antecedent and consequent be 
augmented or diminished by quantities having the same ratio \ 
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Let us take, as an example, the proportion 

9 : 18 : : 20 : 40, 

in which the ratio is 2. 

If we augment the antecedent and consequent by 15 and 
30, which have the same ratio, we shall have 

9+15 : 18+30 : : 20 : 40 ; 

that is, 24 : 48 : : 20 : 40, 

in which the ratio is still 2. 

If we diminish the «econd antecedent and consequent by 
the same numbers, we have 

9 : 18 : : 20-16 : 40-30; 

that is, 9 : 18 : : 5 : 10, 

in which the ratio is still 2. 

163. If we have several proportions 

A : B :: C : Dy which gives AxZ)=5xC, 

A : B :: E : F, „ „ AxF=BxE, 

A : B :: G : H, „ „ AxHz^BxG. 
&c, &c, 

we shall have, by addition, 

A(D+F+H)=iB{C+E+ G) ; 

and by separating the factors, . 

A : B :: C+E+G : D+F+H. 

That is : In any number of proportions having the same 
ratio, any antecedent will he to its consequent, as the sum of 
the antecedents to the sum of the consequents. 
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Let us take, for example, 

2:4::6:12 and 1:2::3:6, &0 
Then, 2:4^: 6+3 : 12+6; 

that is, 2 : 4 : : 9 : 18, 

iu which the ratio is Btill 2. 

164. If we have four proportional quantities 
A : B :: C : D, we have ^=~ i 

and raising bodi members to any power, as a, we have 

A'~cy 

and consequently 

A" : B" ; : C" : D". 
That is : If four quantities €iTe proportional, any like pwoert 
or roots mil be proportionai. 
If we hare, for example, 

3 : 4 : : 3 : 6, 
we shall haye 2» : 4^ : : 3= : 6* ; 
tliatis, 4 : 16 : ; 9 : 36, 

in which the terms are proportional, the ratio being 4. 

165. Let there be two sets of proportions, 

A : B : : C : D, which gives -j=p-. 

F H 
E:F::G:H. „ „ -g=g. 

(ji'i'sT. — IB3. In an; nniDber of praportiona having tlie same nji, 
liow will any one antecedent be to iU coneequent 1 — IM. In four {VO- 
[lottioiial quantities, how are like powers or roots! 
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Multiply them together, member by member, we have 

'AE'^^G ^^^^ ^^®® ^^ I BF IX CG : DIL 

That is : In two sets of proportional quantities ^ the products 
of the corresponding terms will he proportional. 

Thus, if we have the two proportions 



8 : 16 
and 3:4 

we shall have 24 : 64 



: 10 : 20 
: 6 : 8, 
: 60 : 160. 



Geometrical Progression, 

166. We have thus iai only required that the ratio of 
the first term tp the second should be the^ same as that of 
the third to the fourth. 

If we impose the farther condition, that the ratio of the 
second term to the third shall also be the same as that of the 
first to the second, or of the third to the fourth, we shall have 
a series of numbers, each one of which, divided by the 
preceding one, will giye the same ratio. Hence, if any 
term be -multiplied by this quotient, the product will be the 
succeeding term. A series of numbers so formed is called 
a geometrical progression. II ence , 

A Geometrical Progressi^, or progression hy quotients^ is 
a series of terms, each of which is equal to the product of 



■ Qv]nT.*-^166. In two sets of proportions, how are the products of thp 
conespouding tenns 1 
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that which precedes it by a constant number, which number 
is called the ratio of the progression. Thus, 

1 : 3 : 9 : 27 : 81 : 243, &c, 

is a geometrical progression, which is written by merely 
placing two dots between each two of the terms. Also, 

64 : 32 : 16 : 8 : 4 : 2 : 1 

is a geometrical progression, in which the ratio is one-half. 

In the first progression each term is contained three times 
in the one that follows, and hence the ratio is 3. In the 
second, each term is contained one-half times in the one 
which follows, and hence the ratio is one-half. 

The first is called an increasing progression, and the 
second a decreasing progression. 

Let a, by c, d, e, f . . . be numbers in a progression by 
quotients ; they are written thus : 

aib:c:dietf:g.., 

and it is enunciated in the same manner as a progression by 
differences. It is necessary, however, to make the distinc- 
tion, that one is a series of equal differences, and the other 
a series of equal quotients or ratios.. It should be remarked 
that each term is at the same time an antecedent and a con- 
sequent, except the first, which is only an antecedent, and 
the last, which is only a consequent. 



Quest. — 166. What is a geometrical progression 1 What is the ratio 
of the progression t If any term of a progression be multiplied by the 
ratio, what will the product be 1 If any term be divided by the ratio, 
what win the quotient be 1 How is a progression by quotients written 1 
IfVhich of the terms is only an antecedent 1 Which only a consequent^ 
How may each of the others be considered 1 
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167. Let q denote the ratio of the progression 

a i b : c : d . . .; 

q being >1 when the progression is increasing^ and q^\ 
when it is decreasing. Then, since 

h c d e ^ 

~=y, -=^, -=y, _=y, &c, 

we have 

h-=zaq^ c^=hq=zaq^^ d-=.cq:=.ai^^ e=dq=zaq^f 

f=:eq=aq^ . . .; 

that is, the second term is equal to aq, the third to aq^, the 
fourth to a^, the fifth to aq^, &c ; and in general, any term 
n, that is, one which has n— 1 terms before it, is eiqpressed 
by af^\ 

Let / be this term ; we then have the formula 

l=af-\ 

by means of which we can obtain any term without being 
obliged to find all the terms which precede it. Hence, to 
find the last term of a progression, we have the following 

RULE. 

L Raise the ratio to a power whose exponent is one less than 
the number of terms. 

II. Multiply the power thus found hy the first term : the 
product will be the required term. 



Quest. — 167. By what letter do we denote the ratio of the progres- 
sion 1 In an increasing progression is q greater or less than 11 In a 
decreasing progression is q greater or less than 11 If a is the first term 
and q the ratio, what is the second term equal tol What the thudl 
What the fourth 1 What is the last term equal to 1 Give the rule for 
finding the last term. 
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EXAMPLES. 

1. Find the 5th term of the progression 

2 : 4 : 8 : 16 . . 
in which the first term is 2 and the common ratio 2. 

« 

5th tenn=2 x2*=2 X 16=32 Ans. 

2. Find the 8th term of the progression 

2 : 6 : 18 : 54 . . . 

8th term=2 x 3^=2 x 2187=4374 Ans. 

3. Find the 6th term of the progression 

2 : 8 : 32 : 128 . . . 
6th term=2x 4^=2 xl024»204d Jlns. 

4. Find the 7th term of the progression 

3 : 9 : 27 : 81 . . . 

7th term=3x3«=3x 729=2187 Ans. 

5. Find the 6th term of the progression 

4 : 12 : 36 : 108 . . . 
6thterm=4x3»=4x243=972 Ans, 

6. A person agreed to pay his servant 1 cent for the first 
day, two for the second, and four for the third, doubling 
every day for ten days : how much did he receive on the 
twthd^y? Ans. $5,12 
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• 7. What is the 8th tenn of the progression 

9 : 36 : 144 : 576 .. . 
8th term=9x4''=9x 16384=147456 Ans. 
8. Find the 12th term of the progression 

64 : 16 : 4 : 1 : — . . . 

4 

. 1 V 11 43 I I 

12thtenn=64( — ) = = — = Ans. 

\4J 4" 48 65536 

168. We will now proceed to determine the sum of n 
terms of the progression 

a : b : € : d : e : f : , . . I i I i : I; 

I denoting the nth term. 

We have the equations (Art. 167), 

b=z(iq, c=zbqy dz=icq, ezzidq, . . . k^q^ l=:kq; 

and by adding them all together, member to member, we 
deduce 

Sum of IH members. Sum of ^M members. 

b+c+d+e+ . . . +k+l=(a+b+c+d'^ . . . +t+%; 

m 

in which we see that the first member wants the first term 
a, and the polynomial within the parenthesis in the second 
member wants the last term /. Hence, if we call the sum 
of the terms S, we have 

S--a=(S— %=S5'— /g', or S^— S=iy~a; 

Iq — a 



whence S=- 



q-l- 
22 
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Therefore, to obtain the sum of the terms of a geometrical 
progression, we have the following 



RULE. 

I. Multiply the last term hy the ratio. 

II. Subtract the first term from the product, 

III. Divide the remairider by the ratio diminished by unity, 
and the quotient will be the sum of the series. 

1. Find the sum of eight terms of the progre98ion 

2 : 6 : 18 : 54 : 162 . . . 2x3^=4374. 

„ Iq—a 13122-2 ^^^^ 

S= ^ , = =6560. 

q—l 2 

2. Find the sum of the progression 

2 : 4 : 8 : 16 : 32. 

la— a 64—2 

S= ^ , =-- =62. 

5^-1 1 

3. Find the sum of ten terms of the progression 

a : 6 : 18 : 54 : 162 . . ..2x39=39366. 

Ans. 59048. 

4. What debt may be discharged in a year, or twelve 
months, by paying $1 the first month, $2 the second month, 



Quest. — 168. Give the rule for finding the sum of the series. What 
TM the first step t What the second 1 What the third ? 
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$4 the third month, and so on, each succeeding payment 
being double the last ; and what will be the last payment 1 

J, ( Debt, . . $4095. 
' \ Last payment, $2048. 

5. A gentleman married his daughter on New Year's day, 
and gave her husband Is, towards her portion, and was to 
double it on the first day of every month during the year : 
what was her portion ? Ans. j£^204 I5s. 

6. A man bought 10 bushels of wheat on the condition 
that he should pay 1 cent for the 1st bushel, 3 for the second, 
9 for the third, and so on to the last : what did he pay for 
the last bushel and for the ten bushels ? 

. i Last bushel, $196,83. 
"** i Total cost, $295,24. 

7. A man plants 4 bushels of barley, which, at the first 
harvest, produced 32 bushels ; these he also plants, which, 
in like manner, produce 8 fold ; he again plants all his crop, 
and again gets 8 fold, and so on for 16 years : what is his 
last crop, and what the sum of the series ? 

. i Last, 140737488355328&M. 
* \ Sum, 160842843834660. 

169 When the progression is decreasing, we have 
q-^l and /<a; the above formula 

q—1 

for the sum is then written under the form 



1-q' 
in order that the two terms of the fraction may be positive. 

r- ■ . ■ I I . _ ■ L - - — — * 

Quest. — 163. What is the formula for the sum of the aeries of a 
decreasing progression 1 
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1. Find the sum of the terms of the pxogression 

32 : 16 : 8 : 4 : 2. 

32-2 X— ^, 

S=4=^= _^=il=62. 

1—^ 1 1 

"2 y 

2. Find the sum of the first twelve terms of the progression 

1 / 1 \" 1 

64 : 16 : 4 : 1 : — :... : 64( — J , or 



• • • • • V^^CI I 1 KF*. 

4 \4/ 65536 

64--ri:-:xi 256 ^ 



g_ g— Zy _ 65536 4 _ 65536 65535 

-^l-y- 3^ — 3 - "'"196608' 

4 

RsiUEK. — 170. We pisrceive that the principal diffi- 
culty consists in obtaining the numerical value of the last 
term, a tedious operation, even when the number of terms 
is not very great 

3. Find the sum of 6 terms of the progression 

512 : 128 : 32 . . . 

Ans. 682j. 

4. Find the sum of seven terms of the progression 

2187 : 729 : 243 . . . 

Ans. 3279. 

5. Find the sum of six terms of the progression 

972 : 324 : 108 . . . 

Ans. 1456. 

6. Find the sum of 8 terms of the progression 

147456 : 36864 : 9216 . . . 

Ans. 196605. 
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Of Progressions having an infinite number of terms 

171, Let there be the decreasing progression 
a : b I c I d i e I f : , . , 
containing an indefinite number of terms. In the formula 

substitute for I its value ag^~^ (Art. 167), and we have 

which represents the sum of n terms of the progression. 
This may be put under the form 

Now, since the progression is decreasing, ^ is a proper 
fraction ; and f is also a fraction, which diminishes as n 
increases. Therefore, the greater the number of terms we 

take, the more will •- X qT diminish, and consequent- 
ly the more will the partial sum of these terms approximate 
to an equality with the first part of S, that is, to •- . 

Finally, when n is taken greater than any given number, or 
ii=infinity, then x^^ will be less than any given 

number, or will become equal to ; and the expression 



will represent the true value of the sum of all the terms of 

the series. Whence we may conclude, that the expression 

33* 
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• 



for tJk MM tf the terms of a deereasiiig pngression, m wUdi 
tlie number ef termt is tnfimite, is 

S- ~ 



\-q 

Hist is, wpuUL to the first term divided hy 1 jRmtf5 the ratio. 

This is, properly speaking, the UmU to which the partki 
sums approach, hy taking a greater number of terms in the 
progression. The difference between these smns and 

can become as small as we please, and will only 

become nolilm^ when the nmnber of terms taken is infinite. 



1. Find the som of 

We hsre finr the expression of the sum of the terms 

8=-; = r-=-:r» -A**- 

3 

The error committed by taking this expression fw the 
vahie of the som ii the n first terms, is eiqiressed by 

First lake ii=r5; it becomes 



2\3/ 2.3* 162 



QflMT.— 16S. Vben flie p io g maMun isdccicMing and the rnunbgr of 

» Iho fah» of tlM am of tiM MDest 
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Wben; iis6, we find 



-(-V 

2\3/ 



3/1 \« 1 1 1 
162 ^ 3 "* 486 



3 

Whence we see that the trrct committed, when — is 

2 

taken for the sum of a certain numher of terms, is less in 

proportion as this number is greater. 

2. Again take the progression 

,11111. 
2^ 4 8 16 32 

a 1 

We have 8=- = ^"=2. Ans, 

3« What is the sum of the jHrognession 

^'10' Too"' IWO' Toooo"' ^""^ to«^^- 

10 

172. In the several questions of geometrical progres- 
sion there are five numt)ers to be considered : 

1st. The first term, a. 

2nd. The ratio, . . ^. 

3rd. The number of terms, n. 

4th. The last term, I 

5th. The sum of the terms, S. 



Quest. — 166. How many numbers are conBidered in geometrical pro- 
gression ? What are they 1 
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* 

178. We shall terminate this sabject by ihe qaesfioiit 

. To find a mean proportional between any two nmnbers, 
as m and n. 

Denote the required mean by x. We shall then have 
(Art. 166), 

and hence x = ^mXn, 

That is, Multiply the ttoo numbers together^ and extract the 
square root of the product. 

1. What is the geometrical mean between the numbers 
2 and 8? 

Mean= ^5x2= Vl5=4 Ans. 

2. What is the mean between 4 and 16 ? Ans. 8. 

3. What is the mean between 3 and 27 ? Ans. 9. 

4. What is the mean between 2 and 72 1 Ans, 12. 

5. What is the mean between 4 and 64? Ans. 16. 



QuKST. — 167. How do you find a mean proportional between two 
unmbera^ 
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CHAPTER VIII. 

Of Logarithms. 

1 74. The natare and properties of the logarithms in com- 
mon use, will be readily understood, by considering atten- 
tively the different powers of the number 10. They are, 

100=. 1 

101=10 

10* =100 

103=1000 

lO-^^lOOOO 

10* =100000 

&c. &c. 

It is plain that the indices or exponents 0, 1, 2, 3, 4, 5, &e« 
foim an arithmetical aeries of which the common difference 
is 1 ; and that the numbers 1, 10, 100, 1000, 10000, 100000, 
&c. form a geometrical series of which the common ratio is 
10. The number 10, is called the hose of the system of log- 
arithms ; and the indices 0, 1, 2, 3, 4, 5, Sec, axe the loga- 

QuEST. — tm^k* "What relation exists between the exponents 1, 2, 3, 
^cc. 7 How aie the coiresponding numbers 10, 100, 1000 ? What is 
the common diSerence of the exponents 1 What is the common ratio of 
the corresponding numbers ? What is the base of the common system 
of logarithms 1 What are the indices 1 Of what number is the index 
1 the logarithm 1 The index 2? The index 31 
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lithms of the numbers which are produced by raising 10 to 
the powers denoted by those indices. 

H7S- If we denote the base of the system by a, and ihe 
logarithm of any number by m, then the number itself will 
be the mth power of a : that is, if we represent the corres- 
ponding number by Jftf, 

Thus, if we make m=0, JIf will be equal to 1 ; if nisal, 
M will be equal to 10, &c. Hence^ 

The logarithm of a number is the exponent of the power 
to which it is necessary to raise the hose of the system in order 
to produce the number, 

1 76. Letting, as before, a denote the base of the system 
of logarithms, m any exponent, and Jftf the corresponding 
number : we shall then have, 

in which m is the logarithm of JIf. 

If we take a second exponent n, and let JV denote the cor- 
responding number, we shall have, 

a-=JV 
in which n is the logarithm of JV*. 

If now, we multiply the first of these equations by the 
'second, member by member, we have 

but since a is the base of the system, m+n is the logarithm 
JIfxJV; hence, 

Qi7X8T.^ — ^1Y5* If we denote the base of a system by a» and the expo- 
nent by roy what will represent the conesponding nnmber 1 What is the 
logarithm of a number 1 1!7S» To what is the sum of the logarithms of 
any two nnmbeis equal ? To what then, will the addition of logarithms 
correspond 1 
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The sum of the logarithms of any two numbers is equal to 
the logarithm of their product 

Therefore, the addition of logarithms corresponds to the 
multiplication of their numbers. 

177. If we divide the equations by each other, member 
by member, we have, 

but since a is the base of the system, m^— ^ is the logarithm 
of -- ; hence, - 

If one number be divided by another^ the logarithm of the 
quotient will be equal to the logarithm of the dividend dimi" 
nished by that of the divisor. 

Therefore, the subtraction of logarithms corresponds to the 
division of their numbers. 

178. Let us examine further the equations 

10<>=1 

101=10 

10^=100 

103=1000 

&c. &c. 
It is plain that the logarithm of 1 is 0, and that the loga- 
rithms of all the numbers between 1 and 10, are greater than 
and less than 1. They are generally expressed by decimal 
fractions: thus, 

log 2:r=0.301030 

__L - 1 ^_- lUJ- J ■ -I - - - — - - -- 

QussTd — V%^ If one number be divided by another, what will the 
logarithm of the quotient be equal tol To what then will the subtrac- 
tion of logarithms correspond ? 1 Y$. What is the logarithm of 1? 
Between what limits are the logarithms of all numbers between 1 and 10 ? 
How are they generally expressed? 
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The logarithms of all the numbers greater than 10 and less 
than 100, are greater than 1 and less than 2, and are generally 
expressed by 1 and a decimal fraction : thus, 

log 50=1.6d8970 

The part of the logarithm which stands on the left of the 
decimal point, is called the characteristic of the logarithm. 
The characteristic is alwajrs one less than the places of integer 
figures in the number whose logarithm is taken. 

Thus, in the first case, for numbers between 1 and 10, 
there is but one place of figures, and the characteristic is 0. 
For numbers between 10 and 100, there are two places of 
figures, and the characteristic is 1 ; and similarly for other 
numbers. 

Table of Logarithms, 

1 79. A table of logarithms is a table in which are written 
the logarithms of all numbers between 1 and some other 
given number. A table showing the logarithms of the num- 
bers between 1 and 100 is annexed. The numbers are written 
in the column designated by the letter N, and the logarithms 
in the columns designated by Log. 



Quest. — How is it with the logarithms of numbers between 10 and 
100? What it that part of the logarithm called whioh stands at the left 
of the characteristic? What is the value of the characteristic ? 3!%9* 
What is a table of logarithms ? Explain the manner of finding the loga- 
rithms of numbers between 1 and 100 ? 
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N. 

1 
2 
3 
4 
5 

6 

7 

8 

9 

10 

11 
12 
13 
14 
15 

16 
17 
18 
19 

20 

21 
22 
23 
24 
25 


Log. 


N. 

26 
27 

28 
29 
30 

31 
32 
33 
34 
35 

36 
37 
38 
39 
40 

41 
42 
43 
44 
45 

46 
47 
48 
49 
50 


Log. 


N. 

51 
52 
53 
54 
55 

56 
57 
58 
59 
60 

61 
62 
63 
64 
65 

66 
67 
68 
69 
70 

71 
72 
73 
74 
75 


Log. 


N. 

76 
77 

78 
79 
80 

81 

82 
83 
84 

85 

86 
87 
88 
89 
90 

91 
92 
93 
94 
95 

96 
97 
98 
99 
100 


Log. 


0.000000 
0.301030 
0.477121 
0.602060 
0.698970 


1.414973 
1.431364 
1.447158 
1.462398 
1.477121 


1.707570 
1.716003 
1.724276 
1.732394 
1.740363 


1.880814 
1.886491 
1.892095 
1.897627 
1.903090 


0.778151 
0.845098 
0.903090 
0.954243 
1.000000 


1.491362 
1.505150 
1.518514 
1.531479 
1.544068 


1.748188 
1.755875 
1.763428 
1.770852 
1.778151 


1.908485 
1.913814 
1.919078 
1.924279 
1.929419 


1.041393 
1.079181 
1.113943 
1.146128 
1.176091 


1.556303 
1.568202 
1.579784 
1.591065 
1.602060 

1.612784 
1.623249 
1.633468 
1.643453 J 
1.653213 


1.785330 
1.792392 
1.799341 
1.806180 
1.812913 


1.934498 
1.939619 
1.944483 
1.949390 
1.954243 

1.959041 
1.963788 
1.968483 
1.973128 
1.977724 


1.204120 
L230449 
1.255273 
1.278754 
1.301030 


1.819544 
1.826075 
1.832509 
1.838849 
1.845098 


1.322219 
1.342423 
L361728 
L380211 
1.397940 


1.662758 
1.672098 
1.^81241 
1.690196 
1.698970 


1.851258 
1.W7333 
1.863323 
1.869232 
1.875061 


1.982271 
1.986772 
1.991226 
1.995635 
2.000000 



« EXAMPLES. 

1. Let it be required to multiply 8 by 9, by means of loga- 
ri^ms. We have seen, Art. 176, that the sum of the loga- 
rithms is equal to the logarithm of the product. Therefore, 
find the logarithm of 8 from the table, which is 0.903090, 
and then the logarithm of 9, which is 0.954243; and their 
sum, which is 1.857333, will be the logarithm of the product 

23 



258 BLUnKTAST ALGUBA. 

In Bearching along in the table, we find that 72 alanda oppo- 
site this logarithm : hence, 72 is the product of 8 by 9. 
S. What is the product of 7 by 12 ? 

Logarithm of 7 is, . . . 0.845098 

Logarithm of 12 is, . . . . 1.079181 

Lf^nthm of their product, . 1.924279 

and the number corresponding is 84 ■ ■— ■ 

3. What is the product of 9 by 11 7 
Logarithm of 9 is, . . 0.954243 

Logarithm of 11 is, . 



Logarithm of their product, . . 1.995636 

and the corresponding niunber is 99. 

4. Let it he required to divide 84 by 3. We have seen in 
Article 177, that the subtraction of Logarithms corresponds 
to the diriflion of dieir numbers. Hence, if we find the lo- 
garithm of 84, and then subtract from it the logarithm of 3, 
the remunder will be die logarithm of the qnotieat. 
The logarithm of 84 is, . . . 1.924379 
The logarithm of 3 is, . . . 0.477121 



Then- diflerence is, ... 1.447158 

and Hie number C' 



6. What ia the product of 6 by 7? 

Logarithm of 6 is, . . . . 0.778151 
Logarithm of 7 is, , , . 

Their sum is, 1. 

and ilic corresponding number of the table, 42. 
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